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Abstract 

Pure i-motives were introduced by G. Anderson as higher dimensional generahzations of 
Drinfeld modules, and as the appropriate analogs of abelian varieties in the arithmetic of 
function fields. In this article we develop their theory regarding morphisms, isogenics, Tate 
modules, and local shtukas. The later are the analog of p-divisible groups. We investigate 
which pure i-motives are semisimple, that is, isogenous to direct sums of simple ones. We give 
examples for pure i-motives which are not semisimple. Over finite fields the semisimplicity is 
equivalent to the semisimplicity of the endomorphism algebra, but also this fails over infinite 
fields. Still over finite fields we study the endomorphism rings of pure t-motives and obtain 
answers which are similar to Tate's famous results for abelian varieties. Finally we clarify 
the relation of pure t-motives to the abelian r-sheaves introduced by the second author 
for the purpose of constructing moduli spaces. We obtain an equivalence of the respective 
quasi-isogeny categories. 

Mathematics Subject Classification (2000): 1IG09, (13A35, 16K20) 

Introduction 

In the arithmetic of number fields, elliptic curves and abelian varieties are important objects to 
study and their theory has been vastly developed in the last two centuries. For the arithmetic 
of function fields Drinfeld [Drll IDr2] has invented the concepts of elliptic modules (today called 
Drinfeld modules) and elliptic sheaves in the 1970's, both as the analogs of elliptic curves. 
Since then, the arithmetic of function fields has evolved into an equally rich parallel world to 
the arithmetic of number fields. As for higher dimensional generalizations of elliptic modules 
or sheaves there are different notions, for instance Anderson's abelian t-modules and t-motives 
[Anl] . Drinfeld- Anders on shtukas |Dr31 IHH| . or abelian t -sheaves which were introduced by 
the second author in [Hal] in order to construct moduli spaces for pure t-motives. In the 
present article we advertise the point of view that pure t-motives and abelian r-sheaves are the 
appropriate analogs for abelian varieties. This is also supported by the results in [Hal] . It is 
due to the fact that both structures have the feature of purity built in as opposed to general 
t-motives or Drinfeld-Anderson shtukas. For example non-zero morphisms exist only between 
pure t-motives or abelian r-sheaves of the same weight (see 11.181 and 11.231 in the body of the 
article) . 

There is a strong relation between pure t-motives, which we slightly generalize to pure 
Anderson motives^ and abelian r-sheaves. To give their definition let C be a connected smooth 
projective curve over Fg, let oo G C{¥q) be a fixed point, and let A = T{C \ {oo}, Oc)- For a 
field L D Fg let a* be the endomorphism of Al '■= A L sending a®b lo a®b^ for a & A and 
b £ L. Let c* : A — )• L be an Fg-homomorphism and let J = (a (8) 1 — 1 (8) c* (a) : a €z A) C A^. 
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A pure Anderson motive M = (M, r) of rank r, dimension d and characteristic c* consists of a 
locally free ^2,-module M of rank r and an Aj^-homomorphism t : a*M := M <8)Ai,cr* — )• M 
with dimi coker t = d and J'^ ■ coker r = 0, such that M possesses an extension to a locally free 
sheaf A4 on C Xf, L on which r' : {a*yAi — )• Ai{k • oo) is an isomorphism near oo for some 
positive integers k and /. The last condition is the purity condition. The ratio j equals ^ (see 
ll.2|) and is called the weight of M. Anderson's definition of pure t-motives |Anl| is recovered 
by setting C = F^^ and A = ¥g[t]. 

In addition to this data an abelian T-sheaf consists of a sequence of sheaves Mi C TWj+i 
lying between Mq := Ai and Aii := M{k ■ oo) whose stalks at oo are the images of r* for 
i = 0,. . . ,1 (see II. 9p . The quasi- isogeny categories of pure Anderson motives and abelian r- 
sheaves are equivalent (jl.l9l ll.SOp . An abelian r-sheaf of dimension d = 1 is the same as 
an elliptic sheaf. In this sense abelian r-sheaves are higher dimensional elliptic sheaves. The 
concept of abelian r-sheaves was introduced by the second author [Hal] for the following reasons. 
In contrast to pure Anderson motives, abelian r-sheaves possess nice moduli spaces which are 
Deligne-Mumford stacks locally of finite type and separated over C; see ^Halj. Moreover, let 
c : Spec L — )• Spec A G C he the morphism induced by c* . The notion of abelian r-sheaves is still 
meaningful if c : SpecL — )■ C is not required to factor through Spec^. Indeed, the possibility 
to have im(c) = oo was crucial for the uniformization of the moduli spaces of abelian r-sheaves 
and the derived results on analytic uniformization of pure Anderson motives in jHal] . For these 
reasons we develop the theory of abelian r-sheaves and pure Anderson motives simultaneously 
in the present article. 

Let Q be the function field of C. Then the endomorphism algebra of a pure Anderson motive 
or an abelian r-sheaf is a finite dimensional Q-algebra (12.151 12.16p . In contrast the endomor- 
phism algebra of an abelian variety is a finite dimensional algebra over the rational numbers. 
Through this fact pure Anderson motives and abelian r-sheaves belong to the arithmetic of 
function fields. We further investigate their (quasi-)isogenies. An isogeny / : (M, r) — )• (M',r') 
between pure Anderson motives of the same characteristic is an injective morphism / : M — )■ M' 
with torsion cokernel such that /or = r'oa* f. We show that in fact coker / is annihilated by an 
element of A (as opposed to Al); see 11.321 Therefore every isogeny possesses a dual (|1.32p and 
the group of quasi- isogenics equals the group of units in the endomorphism Q-algebra (II. 43^ . 
We give various other descriptions for (quasi- )isogenies ()1.29l ll.47p . Also we prove that the 
existence of a separable isogeny defines an equivalence relation on pure Anderson motives over 
a finite field (|2.10p . but not over an infinite field (|2.1ip . For an isogeny / between pure Anderson 
motives we define the degree of / as an ideal of A (11.35P which annihilates coker / (I1.37P . If M 
is a semisimple (see below) pure Anderson motive over a finite field, the degree of any isogeny 
/ : M — 7- M is a principal ideal and has a canonical generator (|3.19p . In particular / has a 
canonical dual. 

Next we address the question whether every pure Anderson motive is semisimple, that is, 
isogenous to a direct sum of simple pure Anderson motives. A pure Anderson motive is called 
simple if it has no non-trivial quotient motives. This question is the analog of the classical 
Theorem of Poincare-Weil on the semisimplicity of abelian varieties. By giving a counterexample 
p.ip we demonstrate that the answer to this question is negative in general. On the positive 
side we show that every pure Anderson motive over a finite base field becomes semisimple after 
a field extension whose degree is a power of q ()3.15p , and then stays semisimple after any further 
field extension (I3.16p . The endomorphism Q-algebra of a semisimple pure Anderson motive is 
semisimple (I1.58P and over a finite field also the converse is true (13. lip . This is false however 
over an infinite field (j3.13p . 

Like for abelian varieties the behavior of a pure Anderson motive M over a finite field is 
controlled by its Frobenius endomorphism vr (defined in l2.25p . If M is semisimple we determine 
the dimension and the local Hasse invariants of its endomorphism Q-algebra E in terms of tt (13.51 
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I3.26p . We further give a criterion for two semisimple pure Anderson motives to be isogenous 
()3.25p . In the last section we sketch a few results for the question, which orders of E occur 
as the endomorphism rings of pure Anderson motives (|3.371 [3l4T]l . There is a relation between 
the breaking up of the isogeny class of a semisimple pure Anderson motive into isomorphism 
classes, and the arithmetic of E. We indicate this by treating the case of pure Anderson motives 
defined over the minimal field Fg. In this case E is commutative (j3.4ip . 

Many of these results parallel Tate's celebrated article [Tatj on abelian varieties over finite 
fields. To prove them a major tool are the Tate modules and local shtukas attached to pure 
Anderson motives and abelian r-sheaves, and the analog [Tag I Tarn j of Tate's conjecture on 



endomorphisms. These local structures behave like in the classical case of abelian varieties, local 
shtukas playing the role of the p-divisible groups of the abelian varieties. The only difference is 
that p-divisible groups are only useful for abelian varieties in characteristic p, whereas the local 
shtukas at any place of Q are important for the investigation of abelian r-sheaves and pure 
Anderson motives. One of the aims of this article is to demonstrate the utility of local shtukas. 
For instance we apply them in the computation of the Hasse invariants of E in Theorem 13.261 
and to reprove the standard fact that the set of morphisms between two pure Anderson motives 
is a projective A-module p.l6p . Scattered in the text are several interesting examples displaying 
various phenomena (1021 [TTSl [TM [r28l [3Tl [3T3l E^S E^Q]). Note that this article has been 
split into two parts [BHl, ,BH2j for the purpose of publication. 
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¥q the finite field with q elements and characteristic p, 

C a smooth projective geometrically irreducible curve over ¥q, 

oo G C{¥g) a fixed Fg-rational point on C, 

C" = C \ {00} 

A = T(C' , Oc) the ring of regular functions on C outside 00, 

Q = Fg(C) the function field of C, 

thus we have C = Spec A and Q = Quot A. Furthermore, we denote by 

Qy the completion of Q at the place v £ C, 

Ay the ring of integers in Q^. For f 7^ cxd it is the completion of A at v. 

¥y the residue field of Ay. In particular Fqo = ¥q. 



For a field L containing ¥q we write 

Cl = C xspccF, SpecL, 
Al = A (^f, L, 
Ql = Q (E>¥g L, 

Ay^L = Ayi^f^L for the completion of Oc^ at the closed subscheme v x SpecL, 

Qy^L = Ayx[^]- Note that this is not a field if F^, n L ^ ¥q. Nevertheless, it is always a 

finite product of fields. 

Frobq : L ^ L for the g-Frobenius endomorphism mapping x to x'^, 

a = id(7 X Spec(Frobq) for the endomorphism of Cl which acts as the identity on the points 

and on Oc and as the g-Frobenius on L, 
a* for the endomorphisms induced by a on all the above rings. For instance 

a*{a®b) = a®hi loi a & A and 6 G L. 
a*M = M ®Al,(t* for an Ai-vaodvAe M and similarly for the other rings. 

For a divisor D on C we denote by Oc^iD) the invertible sheaf on C^, whose sections 99 have 
divisor {ip) > —D. For a coherent sheaf J' on Cl we set J^{D) := T ®Oc^ ^Cl{^)- This 
notation applies in particular to the divisor D = n ■ 00 for n £ Z. 



1 Pure Anderson Motives and Abelian r-Sheaves 
1.1 Pure Anderson Motives 

Let L be a field extension of and fix an Fg-homomorphism c* : A ^ L. Let J C Al be the 
ideal generated by a 1 — 1 (8) c* (a) for all a € A, and let r and d be non-negative integers. Pure 
Anderson motives were introduced by G. Anderson [Anlj and called pure t-motives in the case 
where A = ¥p[t]. In the slightly more general case we define: 

Definition 1.1 (pure Anderson motives). A pure Anderson motive M = {M,t) of rank r, 
dimension d, and characteristic c* over L consists of a locally free AL-module M of rank r and 
an injective Ai-module homomorphism r : cr*M — t- M such that 

1. the cokernel of t is an L-vector space of dimension d and annihilated by J'^ , and 

2. M extends to a locally free sheaf M of rank r on Cl such that for some positive integers 
k,l the map r' := r o (T*(t) o . . . o ((t*)'^^(t) : (cr*)'M — t- M induces an isomorphism 
{a*y^Aoo M.{k ■ 00)00 of the stalks at 00. 
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We call e := kerc* £ Spec A the characteristic point of M. We say that M has finite charac- 
teristic (respectively generic characteristic^ if e is a closed (respectively the generic) point. For 
r > we call wt(M, r) := f the weight of (M, r). 

Remark. Phrased in the language of modules our definition of purity is equivalent to the 
following due to Anderson [Anil 1.9]. Let z be a uniformizing parameter of ^oo,L- The Anderson 
motive is pure if and only if there exists an Aoo,L-lattice A^oo inside M Qoo,L and positive 
integers k,l such that z'^r' induces an isomorphism {a*y Ai^o Moo- This follows from the 
fact that A^oo determines a unique extension M of M as above. 

Proposition 1.2. If M is a pure Anderson motive of rank r > then wtM = ^ . In particular 
dimM > 0. 

Proof. Using 11.31 below we compute 

kr = deg M{k ■ oo) - degM = deg M{k ■ oo) - deg{a*yM = dim/, coker(T^) = Id. □ 
Lemma 1.3. Let Q be a coherent sheaf on Cl. Then dego"*^ = deg^. 

Proof. Let pr : Cl ^ SpecL be the projection onto the second factor. If Q = Oq®^ for some 
n G N, then a*g = Oc®"". H G = Oc^{D) for some divisor D on C, then a*g = Oc^icJ-^D) = 
Oci^{D). If ^ is a torsion sheaf we get 

dega*^ = d\mLpr^a*Q = dm\La*pr^Q = dvcuLpr^Q = deg^. 

Let now ^ be a locally free sheaf of rank n. Choose an embedding f : Q ^ for some 

divisor D on C with coker / being a torsion sheaf. Since a = \dc xcji, is flat being the base 
change of the flat morphism ai : SpecL — t- Spec-L, we have 

> g — ^ Oc^p)®'^ > coker/ > 

> a*g d^Ocil^)®" > CT* coker / > 

and therefore dego"*^ = deg^ due to the additivity of the degree in exact sequences. Finally, 
if g is an arbitrary coherent sheaf, then 

o^g' ^g^g" ^0 

for some torsion sheaf g' and some locally free coherent sheaf g" because this sequence exists 
locally due to the fact that all local rings are principal ideal domains. Thus deg cr*^ = deg^, 
as desired. □ 

Proposition 1.4. // (M, r) is a pure Anderson motive over L then one can find an extension 
Ai as above with k and I relatively prime. 

Proof. We let z he a uniformizing parameter at oo and write ^ = j with k, I relatively prime 
positive integers. Since {M,t) is pure it extends to a locally free sheaf A4' on Cl on which 

r' is an isomorphism locally at oo for some positive integers k',l' with jr ~ r ~ 7' 
modify Ai' to a locally free sheaf Ai on Cl by changing its stalk Ai'^ at oo to 

3=0 

Then M = T{Cl \ {oo},M) and z^r' : (cj*)'7Woo ^ Ai oo is an isomorphism at oo as desired. 

□ 
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Definition 1.5. (compare fPT, 4-5]) 

1. A morphism / : (M, r) — t- (M',t') between Anderson motives of the same characteristic 
c* is a homomorphism f : M ^ M' of Aj^-modules which satisfies / o r = r' o a*{f). 

^- U f ■ M M' surjective, M' is called a quotient (or factor j motive of M. 

3. A morphism f ■ M ^ M' is called an isogeny if f is injective with torsion cokernel. 

4- An isogeny is called separable (respectively purely inseparable^ if the induced homomor- 
phism T : o"*coker/ — )• coker/ is an isomorphism (respectively is nilpotent, that is, if 
r"- = for some n). 



Remark. 1. The set Hom(M,M') of morphisms is an A-module and End(M) is an A-algebra. 
They are projective A-modules of rank < rr' . This will be proved in Theorem 12.161 

2. One has Hom(M,M') = {0} if M and M' are pure Anderson motives of different weights, 
justifying the terminology pure. This can be derived from the Dieudonne-Manin type classifi- 
cation |Laul Appendix B] of the local cr-isoshtuka MooiM) •= M ®Al Qoo,l of M at oo; see 
Section [2.11 However, we will give a more elementary proof in Corollary 11.231 below. 

3. We will prove in Corollary 11.321 below that the cokernel of an isogeny is in fact annihilated by 
an element a G ^ (as opposed to a G A^). This was independently observed by N. Stalder |Sta| 
and also holds for non-pure Anderson motives. 

Proposition 1.6. Let {M,t) be a pure Anderson motive and let K be a finite torsion Ai- 
module equipped with an A i -homomorphism tk '■ cr*K — )• K such that both ker Ti^ and coker tk 
are annihilated by a power of J = (a (X" 1 — 1 (8) c* (a) : a £ A) C A^. Let further p : M ^ K be 
a surjective morphism of A^-modules with tk o cr* p = po t. Then (M' , r') := (ker p, r|o-* m') is 
again a pure Anderson motive of the same rank and dimension and the inclusion f : (M' ,t') — )• 
(M, r) is an isogeny with coker / = {K,tk)- 

Proof. Consider the diagram in which the bottom row is obtained from the snake lemma 



a*M'— ^a*M- 




^ ker TK ^ coker t' ^ coker r ^ coker tk ^ . 

If follows that dim^ coker r' = dim^ coker t = d and that also coker r' is annihilated by J"^. The 
purity follows from the fact that one can extend / to an isomorphism Ai'^ — >• A^cxd of the stalks 
at infinity. □ 

Remark. Note that without the requirement that a power of J annihilates ker tk and coker tk 
the assertion of the proposition is false as one can see from ^ = [t] , M = Al , t = t® \ — 1® 
c*{t), K = coker r, tk = 0, when c*{tY / c*{t). 

Lemma 1.7. Let K be a finite torsion Ai-module and let t : a*K ^ K be a morphism of 
A^-modules. Then K_= {K,t) is an extension 

ofK"'^ = (i^°",T'^'i : a*K''^ K""'^) by K^^ = {K^\t^^ : a*K^^ K^^) where r^" is nilpotent 
and t'^^ is an isomorphism, satisfying f o = t o a* f and g o t = r°'' o (y*g. Moreover, if the 
base field L is perfect the extension splits canonically. 
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Proof. This was proved by Laumon |Laut B.3.10]. He takes K^^ := O^yi imr"'. If L is perfect, 
K'^^ has the natural complement Un>i(^*)~"(^^^ which is isomorphic to A""^^ = K /K^^. □ 

Proposition 1.8. Every isogeny f ■ M ^ M' can be factored M ^"""^ > M" > M ' into a 

separable isogeny fg^p followed by a purely inseparable isogeny /mscp- If ihe base field is perfect 
there exists also a (different) factorization f = f!.^^ o /j'^^g^p as a purely inseparable isogeny 
followed by a separable one. 

Proof. Let K := coker / and let tx ■ a*K K he the induced morphism. By Lemma 11.71 
there is a surjective morphism p : M' — )• X — )• iT"'' and we define M" as the kernel of p. It 
is a pure Anderson motive by Proposition 11.61 Clearly / factors through M" and the isogeny 
M —7- M" has K^^ as cokernel, thus is separable. If L is perfect we use the surjective morphism 
p-.M'^K^Kf'^ instead. □ 



1.2 Definition of abelian r-sheaves 

Since the purity condition 2 of Definition 1 1 . 1 1 does not behave well in families one has to rigidify 
M at DO in order to get moduli spaces for pure Anderson motives. This was done in [Hal] , 
where the rigidified objects are called abelian sheaves. Over a field their definition is as follows. 
Let L D Fq be a field and fix a morphism c : SpecL — )• C. Let J be the ideal sheaf on Cl of 
the graph Graph(c) of c. Let r and d be non-negative integers. 

Definition 1.9 (Abelian r-sheaf). An abelian r-sheaf ^ = (J-i, IlijTi) of rank r, dimension d 
and characteristic c over L is a collection of locally free sheaves J-i on Cl of rank r together 
with injective morphisms Ili^Ti of Ocj^-modules {i £ Z) of the form 



n-2 



n-i 



i+l 



i7, 



i+i , 



subject to the following conditions: 



1. the above diagram is commutative, 

2. there exist integers k,l > with Id = kr such that the morphism 77j+i_io- • -oTTj identifies 
Ti with the subsheaf Fi+i{—k ■ oo) of J^i^i for all i S Z, 

3. coker ilj considered as an L-vector space has dimension d for all i £ Z, 

4-. coker Tj is annihilated by J'^ and as an L-vector space has dimension d and for all i £1^. 

We call e := c(SpecL) G C the characteristic point (or place j and say that T_ has finite 
(respectively generic j characteristic if e is a closed (respectively the generic) point. 

Remark 1.10. 1. By the second condition coker ilj is only supported at oo. Moreover, the 
periodicity condition implies Ti+ni = J^i{nk • oo) and thus Tj+„; = Tj® 1 for all n £ Z. 

2. The condition "annihilated by J7" in 4 can equivalently be reduced to "supported on the 
graph of c ", since the local ring of C^, at the graph of c is a principal ideal domain and the 
d-th power of a generator of J annihilates the d-dimensional L-vector space coker r^. 

3. Trivially, r = implies d = since in this case we have all J-i = 0. Due to the second 
condition, the converse is also true because d = implies r = d = since the existence of such 
k,l ^ IS required. Without this the converse would in general not be true, because for example 
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Zi = {Ocs 1 i'^C'cg ) idocg) coker idoc^ ~ ^ therefore d = 0, but r = 1. This justifies the 
demand of the existence of such k,l ^ since we do not want to consider the "degenerate" case 
r > 0, d = 0. 

The case r = 0, d = however is desired because it ahows the zero sheaf := (0,0,0) to 
be an abehan r-sheaf of rank and dimension 0. Triviahy, the zero sheaf satisfies the second 
condition for all pairs k,l > 0. 

4. For £ 7^ one can ask whether the second condition is satisfied by the pair k,l > with 
Id = kr and k, I relatively prime. This was required in the definition of abelian r-sheaves 
in |Halj . We will call those T abelian r-sheaves with k,l relatively prime. As a convention, 
an abelian r-sheaf ^ without further specifications comes with all its parameters J-i,ni,Ti 
{i E 1i) and r, d, k, I with k, I always chosen to be minimal. Similarly carries a prime on its 
parameters, ^ a tilde on them, and so on. Note that the characteristic c is fixed. 

5. Abelian r-sheaves of dimension d = 1 are called elliptic sheaves and were studied by Drin- 
feld |Dr2] . Blum-Stuhler |BS| and others. The category of elliptic sheaves with {k,l) = 1 
over L of rank r with deg J-q = 1 — r and whose characteristic does not meet oo, that is, 
im(c) C C \ {oo}, is anti-equivalent to the category of Drinfeld- ^-modules of rank r over L, 
see |BS[ Theorem 3.2.1] and Example 1 1 . 1 2 1 b elow . 



Definition 1.11. Let T_ he an abelian r-sheaf of rank r, dimension d and characteristic c over 
S. We set 

ifL^O^ 








We call wt(^) the weight of 



Example 1.12. Let C = F^^, A = ¥q[t]. Then d = P^. Let c : SpecL SpecFjt] = Aj.^ 
such that c* : ¥g[t] ^ L maps t to c*{t) =: Let O denote the structure sheaf of and let 
a G L. Now consider the following diagram 



ill) 
ilo 



> 0(1-00) 



> cj*(oeo) 



ill) 
ill 



mi 

a* no 



> O(l-oo) eO(l-oo) 



> (j*(oeo(i-oo)) 



illl^ 

il2 



' 1 \ 
^ 1 ^ 



where the vectors in O © O are considered as column vectors. This gives an example of an 
abelian r-sheaf^ of rank 2, dimension 1 with {k,l) = 1, and characteristic c over SpecL with 
wt(Z) = i 

Since the dimension is 1, this abelian r-sheaf is an elliptic sheaf and comes from a Drinfeld 
module which can be recovered as follows; see jBS] . Let M := O ® O) = L[t] ® L[t] and 

let r := Uq^ o r^. Since (g) = r Cj*), we have M = L{r} ■ (^), and we calculate 

-^(?) = -^)-(?) and t.(?)=(^-ar + r^)(?) 

Let if : ¥q[t] — )• L{r} be the ring morphism mapping t ^ — ar -\- r^. Then we have back the 
Drinfeld Module if of rank 2 over L which induces the abelian r-sheaf 

Example 1.13. We give another example which does not come from Drinfeld modules. Let 
C = F^ and A = ¥q[t]. Let 



5 = SpecFJC,a,/?,7,5]/((a + 5 + 2C)^ a<5-/37-C^) 
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and c : 5 C \ V{t) C C be given by c*(j) = C- Let Cs ■= C xspecF, S, then 



(1 0\ (1 0\ (1 0\ 



llo 111 



l + at ,at ' 

7t l + c5t J 



l + at ,St ' 
7t l + c5t I 



(-1 OX /I 0\ (1 0\ 

••• ) y a*0C5(l-Oo)®^ > ••• 

(7*11-1 ^ CT* Uq a* III 

is an abelian r-sheaf over S of rank and dimension 2 with k = I = 1 since (1 — ^t)^ -coker r = (0). 
In fact S is the (representable part of the) moduli space of abelian r-sheaves of rank and 
dimension 2 with {k,l) = 1 together with a level structure rj at V{t) for which (J-q,??) is stable 
of degree zero. See |HaH §4] for the precise meaning of these terms, but note that in loc. cit. 
the exponent 2 in {a + S + 2^)^ erroneously was missing, as was pointed out to us by M. Molz. 
This illustrates the fact that abelian r-sheaves possess nice moduli spaces. 

Proposition 1.14. Let T_ he an abelian r-sheaf and let D be a divisor on C. Then the collection 
Z^{D) := {Ti{D),ni® l,Tj(8) 1) is an abelian r-sheaf of the same rank and dimension as T_. 

Proof. Since the functor ^SiOc^ ^Cl (-^) exact the proof is straightforward ones one notes that 
a*[Fi{D)) = [a*Fi){D) because the divisor D is cj-invariant. □ 

Definition 1.15. Let T_ be an abelian r-sheaf and let n G Z. We denote by 

T[n] := {J='i+n,ni+n,n+n) 

the n-shifted abelian r-sheaf of £ whose collection of J-'s, Li's and r's is just shifted by n. 

It is trivial to see that ] = T_ and that ^[ n ] is an abelian r-sheaf of the same rank and 
dimension as T_ for every n G Z. Moreover, F\l] = F_{k ■ oo). 

Next we come to the definition of morphisms in the category of abelian r-sheaves. 

Definition 1.16. A morphism / between two abelian r-sheaves T_ = {Ti, Lli^ri) and T[ = 
{F[,LI[,r[) of the same characteristic c : SpecL C is a collection of morphisms fi'.Fi^ T[ 
(i G Z) which commute with the LI 's and the r 's, that is, fi^iolli = Il'-ofi and /j+iorj = r-oa* fi. 
We denote the set of morphisms between T_ and by IIom(^, ^'). It is an ¥q-vector space. 

For example, the collection of morphisms (ilj) : ^ — ^[ 1 ] defines a morphism between the 
abelian r-sheaves £ and 

Definition 1.17. Let T_ and be abelian r-sheaves and let f G IIom(^, be a morphism. 

L f is called injective, if fi is injective for all i G Z. 

2. f is called surjective, if fi is surjective for all i £ Z. 

3. f is called an isomorphism, if f is injective and surjective. 

We call T an abelian quotient (or factor j r-sheaf of T' , if there is a surjective morphism from 
onto y_. 

Abelian r-sheaves are pure in the following sense. 

Proposition 1.18. Let T_ and T[ be abelian r-sheaves. If Hom(^,^') ^ {0}, then wt(^) = 
wt(Z')- 
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Proof. Let 7^ / G Hom(J^, J^') and let i £ Z. Consider the sheaf T-Lom{F^, T[) = T[ (S>Ocj^ ^'i 
and the set of all its locally free subsheaves M. 'Z T[ ®Oc -^^ ■ Then the set of their degrees 
deg is bounded above, say with upper bound B by |Ses[ Lemma 1.1.3]. 

Suppose d'r < dr' . Choose n G Z with ll'\nrr' such that B + n[d'r — dr') < 0. Let 
n and n' be the identifying morphisms -^i+nrr'-i o • • • o TTj : J^j = ndr' • 00) and 

-^i+nrr'-i ° " ' ° '■ -^i — -^I+nrr' (~"''^''" " °'^)' respectively. Consider the following diagram 

J^i — ^ J^i+nrr' = T i{ndr' ■ oo) 

fi f i-\-nrr' 

n = J-;(ndV.oo) . 

With m := n{d'r — dr') < 0, we conclude that 'Hom{FiJ^nrr' ^ ^[^nrr') ~ i-^'i ®Oc,^ " °°)- 

Now, considering the injective map ip : — )• ®Ocj^ -^i)ip^ ' 1 ^ fi+nrr' we get a non- 
zero locally free subsheaf inup = M{m ■ 00) which is isomorphic to Oc^ with McJ-'^ ®Oc^ -^i- 
Therefore 

= deg A^(?7i • 00) = deg + m • rank < B + m < 0. 
This is a contradiction and shows d'r > dr' . The converse d'r < dr' follows analogously. □ 

Remark. This result can also be proved by considering the local isoshtukas at 00 of ^ (see 
Section 12. ip and using the Dieudonne-Manin theory \Lau\ Appendix B] for local isoshtukas. 



1.3 Relation between pure Anderson motives and abelian r-sheaves 

If £ = {J^i, Ili, Ti) is an abelian r-sheaf of rank r, dimension d, and characteristic c : Spec L ^ C 
with characteristic place e = im c 7^ 00 then 

M(Z) := (M,t) := (r(CL\{oo},J-o), ilo^^oro) (1.1) 

is a pure Anderson motive of the same rank and dimension and of characteristic c* : A ^ L. 
We can take A4 := J-q as the extension of M to all of C^. Conversely we have the following 
result. 

Theorem 1.19. 1. Let {M,t) be a pure Anderson motive of rank r, dimension d, and char- 
acteristic c* : A ^ L over L. Then (M, r) = M(£) for an abelian r-sheaf ^ over L of 
same rank and dimension with characteristic c := Specc* : SpecL — t- Spec A C C. One 
can even find the abelian r-sheaf^ with k,l relatively prime. 

2. Let T_ and be abelian r-sheaves of the same weight and let /q : M(J^) — t- M{F') 
be a morphism. Then there exists an integer m such that /o comes from a morphism 
/:Z^Z'(m-oo) asfo = M{f). 

Proof. I. Let A^ be a locally free sheaf on Cl with M = T{Cl \ {00}, Al) as in Definition I l.li 
Let k,l he positive integers with isomorphism 

r' : (cT*)'A^o, ^ A^(A; • 00)00 . 

By Proposition 11.41 we may assume {k,l) = 1. 

For i = 0, . . . , ^ let J-i be the locally free sheaf of rank r on Cl which coincides with A4 on 
Cl\ {00} and whose stalk at 00 is the sum (imr* + . . . -|-imr*^'~-'^)oo inside Ai{2k • 00)00 • Then 
T defines homomorphisms Tj : a*J^i — t- -Fi+i for < i < I because a* imr* = imcr*r* due to the 
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flatness of a* = (idc xcjl)*. Since A^oo C M{k • 00)00 — (im T )oo there are natural inclusions 
Hi : Ti ^ Fi+i satisfying ilj+iorj = Ti+ioa^Ui and im(i7i_i o . . . o TIq) = Fi{-k-oo) C Fi. We 
now set FiJ^nl '■= Fi{kn ■ 00), Ui^ni := 77j id, Tj+n/ := Tj (8) id for < i < / and n G Z. Clearly 
coker Tj is supported on Graph(c) for all i and isomorphic to coker r which is an L-vector space 
of dimension d. We compute 

dim^ coker 77j = deg J^j+i — deg J^i = deg-Fj+i — degcr*J^j = dim/, coker 

for all i. Hence F = {J-i, IJijTi) is an abelian r-sheaf over L with M{T) = {M,t). 
2. Let / be an integer satisfying condition 2 of Definition 11.91 For < i set 

fi ■= n'i_i o . . . o 77^ o /o o n^'^ o . . . o nr}^ 

and similarly for i < 0. Since the Uj,!!'- are isomorphisms outside c« there exists an integer m 
such that fi is a morphism fi'.Ti^ " 00) for all < i < /. Now the periodicity condition 

2 of Definition 11.91 shows that the latter is a morphism for all i G Z. Finally (77Q)~^ro (T*(/o) = 
/oiI(7 To implies that / = {fi)i : T_ — >• Tira ■ 00) is a morphism with M{f) = fo as desired. □ 

The aforementioned relation can more generally be described by the following terminology. 
Let Spec ^4 C C be an affine open subscheme. 

Definition 1.20. A r-module on A over L of rank r is a pair M = (M, r), where 

1. M is a locally free A 0^, L-module of rank r, 

2. T : a*M M is injective. 

A morphism between {M,t) and {M',t') is a homomorphism f : M ^ M' of Af^fq L-modules 
which respects t' o a* f = for. We denote the set of morphisms between M and M' by 
Hom(M,M'). 

Let ^ be an abelian r-sheaf. Consider a finite closed subset D C C such that either 00 £ D 
or there exists a uniformizing parameter z at infinity inside A := T(C \ D,Oc)- Note that by 
enlarging D it will always be possible to find such a z £ A in the case 00 ^ D. 

If 00 G D we have by the 77's a chain of isomorphisms 



T{Cl-^D,J^i: 



since coker ilj is only supported at 00 for all i £ Z. So we set M := T{Cl \ D,To) and 
r := (TToIclxd)"^ ° to\cl-.d, and we define M^'^HZ) ■= {M,t). Obviously, M^^\Z) is a 
r-module on A and M^°°\^) is the pure Anderson motive M{T) studied above. 
If 00 ^ D fix 2: as above. Set Mj := T{Cl \ D, Fi) and define 



M^^\F) := Mo 



M, 



l-i 



with 



/o. 

To 

' 



■0 77-1 ozVi_i ^ 



Y ■ Tl-2 



(1.2) 



and n := 7T;_i o • • • o TTq. Clearly r depends on the choice of k, I, and z. Again M^^\F) is a 
r-module on A := r{C \ D, Oc)- Notice that coker r is supported on Graph(c) n (Cl \ D). 

Definition 1.21. We call M^^\F) the r-module on A associated to T_. We abbreviate 
M({oo})(^) toM{F). 
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If oo ^ D the r- module M^^\Z1) is equipped with the endomorphisms 
n-^oz^ni_A /A-idMo 
A(A) := 



n 



( 0::; 

^0 

' 



n 





\ -0 /7i-2 " 



• idMi 



V 



(1.3) 



for all A G Fgi n L. Actually A(A) is even an automorphism and the same holds for U \i z has 
no zeroes on C \ (D U {oo}). They satisfy the relations 77' = and 77 o A(A'^) = A(A) o 77. 

Lemma 1.22. Assume that e ^ D or that e ^ oo & D. If T_ and are abelian r-sheaves of 
different weights, then Hom(M(^)(£), M(^)(J:')) = {0} (for any choice of k, I, k' , I' and z if 
oo ^ D). 

Before proving the lemma we note a direct consequence of its interaction with Theorem ll.191 

Corollary 1.23. If M and M' are pure Anderson motives of different weights, then 
Hom(M,M') = {0}. □ 

Remark. Again this follows alternatively from the Dieudonne-Manin classification of the local 
isoshtuka at oo associated with M,M'; see Section [2.11 

Proof of lemmalTM Let / G Rom{M^^\£), M^^\z!))- If oo G 7) set X := and M' := 
J"^. If oo ^ £» set := -^i and M' := ©fjo^-F-. Then r{CL \D,M) = M^^\£) and 

likewise for T^'. Thus / extends to a homomorphism / : — )• Ai'{m ■ D) for a suitable m G N. 
We abbreviate r' := r o a*{T) o . . . o ((T*)*~^(t). Let z G Q be a uniformizing parameter at oo. 
If oo G 7) and e ^ oo then 

z^t' ■.{a*yMoo^Moo and z^' : (a*)'' M'^ ^ M'^ 
are isomorphisms on the stalks at oo. So for any n G N we have for the stalk of / at oo 
/oo = {z'^'iT'y'y' o (a*)""'(z"('=''-'='')/oo) o (/r')-"'' : Moo ^ M'im • D^ ■ 

In particular if j > y (and similarly for j < y), /oo = mod z"^'^''"'^'') for all n, whence 
/oo = 0. Thus / = since Ai is locally free. 

If oo ^ 7) and e ^ D then with the r from (jl.2p the homomorphisms on the stalks at every 
point V £ D 

z-'^T^ : {a*yM^ ^ and z-'='(r')'' : {<y*fM'^ ^ M'^ 

are isomorphisms since e ^ D. So again for any n G N the stalk fy satisfies 

/^ = {z-^\t'YY^ o o (z-V)-"'' : ^ X'(m • 7))^ . 

There exists a pole v £ D oi z. Then for j > y (and similarly for j < y), fv =0, whence 
/ = as desired. □ 

Example 1.24. We give an example showing that the assertion of the lemma is false in case 
e = oo £ D. Let C = , J^j = Oc^ {i ■ oo), = Oc^^ (2i • oo) and let 77, and Tj be the natural 
inclusions Fi C J^i+i and (T*-Fj C J^i+i and likewise for F[. Then ^ = {Fi^Ui^Ti) is an abelian 
r-sheaf of weight 1 and Ff^ = {F-, 11-, t^) is an abelian r-sheaf of weight 2 both of characteristic 
oo. Clearly M^°°\F) = (Ai,id) = M^°°\F') contradicting the assertion of the lemma. 
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1.4 Kernel sheaf and image sheaf 

In this section we show that the kernel and the image of a morphism of pure Anderson motives 
are themselves pure Anderson motives and likewise for abelian r-sheaves provided that the 
characteristic point e = c(SpecL) is different from oo. 

Proposition 1.25. Let M and M' be pure Anderson motives and let f G Hom(M,M'). Then 

keif := (ker /,r|cr*ker/) and im/ := (im /, r'l^* im/) 
are again pure Anderson motives with wt(ker/) = wt(im/) = wt(M). 

Proof. Let Ai, M' , k, I, k' ,1' , z be as in definition 11.11 and the subsequent remark. After replacing 
M'^ by z~^^Ai'^ for an integer n we may assume that / extends to a morphism — t- M' . 
Since all local rings of Cl are discrete valuation rings the subsheaves A4 := ker / and M := im / 
are themselves locally free by the elementary divisor theorem. Set M := T{Cl \ {oo}, A^) and 
M := T{Cl \ {oo},A4). Moreover the restrictions f := t|^,^ and f := t'\^,^ are clearly 
injective. If / 7^ then wt(M) = wt(M') by corollary ll.23[ Let I = I he the least common 
multiple of I and I' and let k = k = wt(M) ■ I. Then 

zV' : ia*yMoo ^ Moo and z^(t')' : ia*yM'^ ^ M'^ 
are isomorphisms. Thus also 

zh^ : ia*yMoo ^ Moo and z^f^ : ((t*)'"a?oo ^ -Moo 

are isomorphisms. Since r and r' are isomorphism outside Graph(c) the same is true for 7~|fj* j^gj- j 
and r'lo-'im/- So the cokernels of the latter two are supported on Graph(c). This proves the 
proposition by Remark II. 10[ □ 

Proposition 1.26. Let T_ and ^ be abelian r-sheaves of characteristic different from 00 and 
let f G Hom(£, ^'). Then the kernel r-sheaf and the image r-sheaf 

ker / : = (ker /i , ilj | ker /, , ker /, ) 
im/ := {imfi,n'-\i^f^,TX'imf,) 

are abelian r-sheaves of the same characteristic as T_ and ^ . 

Proof. We will conduct the proof for ker / and im / simultaneously. If / = 0, then ker / = ^ 
and im / = 0, and we are done. Otherwise, we have a non-zero morphism between ^ and 
and by proposition 11.181 both abelian r-sheaves ^ and ^ have the same weight. We choose an 
integer / that satisfies condition 2 of II. 91 for both £ and Zl' and we set k = I ■ wt(£). 

Let i G Z. Since all local rings of Cl are principal ideal domains the elementary divisor 
theorem yields that Fi := ker/j C Fi and J^j := im/j C T[ are locally free coherent sheaves. 
The induced morphisms TTj := ni\p and fj := ri\^,p map injectively into -Fj+i since a* ker /j = 

ker(T*/i due to the flatness of a. Similarly, we get this for 77j := n'i\^^ and fj := tI\^^^_. To 
examine coker TTj and coker TTj consider the diagram with exact rows and columns in which the 
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last column is exact by the 9-lemma 





fi 



Hi 



Hi 



/i+i 



coker 77,- 



coker i7,- 



Ti ^ Ji+i ^ coker ilj ^ 















Thus coker iJj and coker iJ, are torsion sheaves like coker iJj, and we conclude that the ranks 
f := rankj^j and r \= rank are independent of i. 

To show that T_ and T_ are abelian r-sheaves let H and 77' be the identifying morphisms 
i7j+;_i o-'-oHi-.Ti J='i+i{-k ■ oo) and o---on[: T^ ^ • oo), respectively. 

Since 77 and TI' are isomorphisms we obtain the same for Ui^i^i o . . . oTTj and 7rj_|_;_i o . . . oi7j, 
whence the periodicity condition 2. 

To establish conditions 3 and 4 we need that the characteristic is different from oo. Let 
c : SpecL — > C := C \ {oo} and let 



M := J-r 



■ no 



o\C' 



Ti 



c' 



Hi 



Set f := 7?Q ^ o To : a*M M and set d := dim/, coker f. Similar to the diagram chase for the 
coker i7j, we get an injective morphism coker fj coker Tj. Hence the support of coker lies 
outside oo, and we have coker fi = coker file = coker f for alH G Z. Now the exact sequences 








-> Ti 



^ Ti 



coker TT, 







Ti 



+1 



->■ coker f,- 







yield 



dim^ coker TTj = deg J^j+i — deg J^j = deg -Fj+i — degcj*-Fj = dim/, coker fj = dim^ coker f = d 

for all i G Z. Clearly, coker fj is supported on the graph of c due to its injection into coker r^. 
Again, this argument adapts to coker 7?j and coker fj, as well. □ 

Corollary 1.27. Let T_ and T he abelian T-sheaves of characteristic different from oo and let 
f G Hom(^, be a morphism. 



1. f is injective if and only if kcr / = . 

2. f is surjective if and only if ini f = T . 



□ 



Example 1.28. As was pointed out to us by T. Richter the assumption e / oo cannot be 
dropped. For instance consider the abelian r-sheaf on Cl = ^\ with Ti = Opi ( ) © 



Cpi where denotes the smallest integer > |. Let TTj 
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Then ^ = {J-i, ni,Ti) is an abeUan r-sheaf with r = I = 2,d = k = 1, and characteristic 
oo. We rewrite everything in terms of the bases ( ^ j, ( j of -^i|pi\{o}i where 

^ {0} = SpecL[z]. With respect to these bases ilj and Tj are described by the matrices 

^^=(^l °jfor2|i, ^^=(0 °)for2ti, and = J ) for alH . 

There is an endomorphism / of £ given by /j = ( ^ ^ ) for 2\i and fi=(% ^ ) for 212. 



z z \ z z 



We compute 

ker/j = (Y) • Cpi (§ • 00) if 2|i and 

ker/, = (-1) .Opi(i^.oo) if2ti. 

Therefore 77j|ker/i is an isomorphism if 2|i and has cokernel of L-dimension 1 for 2 | i. Thus 
ker/ is not an abehan r-sheaf. 



1.5 Isogenies between Abelian r-Sheaves and Pure Anderson Motives 

In the theory of abehan varieties the concept of isogenies is central, defining an equivalence 
relation which allows a classification of abelian varieties into isogeny classes that are larger than 
isomorphism classes. In the following, we adapt the idea of isogenies to abelian r-sheaves. They 
are defined by the following conditions. 

Proposition 1.29. Let f : T_ ^ he a morphism between two abelian r-sheaves T_ = 
{J-i, IJijTi) and T[ = {J--,nl,T-). Then the following assertions are equivalent: 

1. f is injective and the support of all coker /j is contained in D x SpecL for a finite closed 
subscheme D C C, 

2. f is infective and T_ and have the same rank and dimension, 

3. T_ and have the same weight and the fiber fi^^^ at the generic point ij of Cl is an 
isomorphism for some (any) i G Z. 

Proof. 1 3 follows from II. 18) and the fact that 77j^^ and are isomorphisms for all i. Since 
3 ^ 2 is evident it remains to establish 2 =^ 1. 

We will first reduce to the case A = ¥q[t]. By the theorem of Riemann-Roch there exists 
a rational function t & Q on C with poles only at c« and whose zeroes do not meet the 
characteristic point, nor the support of the coker /j. This function defines an inclusion of 
function fields Fg(t) C Q and thus a finite flat morphism between the respective curves (p : 
C — )• Pj._^ with 99~^(oO]pi) = {00}. The direct images G_ := and := 92*^' under 99 

are abelian r-sheaves on of rank r • deg (/?, dimension d, and characteristic ip o c hy |HIH 

Proposition 1.6]. We define A := T{¥^ \ {0},C'pi) such that A = ¥q[z] for some z e A with 
a simple pole at and a simple zero at 00. We choose an integer / that satisfies condition 2 of 
[LQlfor both £ and Consider M^°H£) = iM,T) and M(°)(£') = (M',r'); see Definition [Oil 
Set s := Ir deg ip = rkM and e := Id = s ■ wt(£). 

Now choose ^^-bases of M and M' . This is possible since Al is a principal ideal domain and 
that was the reason why we constructed (/?. With respect to these bases, the endomorphisms r 
and r' and the A-morphism g = M^'^H^*f) '■ M — )• M' which is induced by / can be described 
by quadratic matrices T, T' and H, and we have the formula T'a*H = HT. 
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Let C := c*{z) G L. By the elementary divisor theorem we find matrices U,V £ 
GLs{A (g)F L) with 



{z - cr^ 



\ 



UTV 



{z - cr^ J 

< Us- Thus coker r = 0-^^ A^^^L/ {z 



C)"' and e = 



1=1 



for some integers ni < 
Since 

det T ■ det UV = det UTV = {z - C f 

we calculate detT = b ■ {z — C)*^ for some b G (A^Wq L)^ = L[zY = ■ Analogously, we have 
detT' = b' ■ {z — C)*^ for some b' G as ^ and have the same dimension d. Since det H ^ 
due to the injectivity of / we conclude 



det T' ■ det a*H = detH ■ det T 



det (j*H 



detH 



In an algebraic closure L^^^ of L there exists a A with A'^ ^ 

a:= X-detH = a*{X- detH) G L^^s[z] 



jj. So we have 



and, due to the u-invariance, even a G Fq 



A (and hence A G L). Again using the 



elementary divisor theorem one sees that a annihilates coker g. Now our proof is complete as 
the support of coker fi is contained in the divisor of zeroes (</?*(a))o x SpecL on Cl for < i < / 
by construction (for this purpose we used g = M^^\(p^,f) which captures all these fi) and for 
the remaining i G Z by periodicity. □ 

Definition 1.30 (Isogeny). 1. A morphism / : £ — ^ satisfying the equivalent conditions 
of proposition \ 1.2^ is called an isogeny. We denote the set of isogenics between^ and ^ 

by isog(Z,Z')- 

2. An isogeny f ■ ^ ^ ^ is called separable (respectively purely inseparable j if for all 
i the induced morphism Ti : a* coker /j — )• coker /j+i is an isomorphism (respectively is 
nilpotent, that is, ti o (T*rj_i o . . . o (a*)"'Ti-n = for some n). 

Proposition 11.291 has important consequences for pure Anderson motives. 

Corollary 1.31. Let f '■ T[ be a morphism between abelian r-sheaves of characteristic 

different from oo. Then f is an isogeny if and only if M{f) : M(Z) — t- M(Z') is an isogeny 
between the associated pure Anderson motives. □ 

Corollary 1.32. Let f ■ M ^ M' be an isogeny between pure Anderson motives (Defini- 
tion \1.5\) . Then 



1. there exists an element a £ A which annihilates coker/, 

2. there exists a dual isogeny f^ : M' — )■ M such that / o 



a ■ idjv/' and o / = idAf . 



Proof. 1 follows from Corollary 11.231 Theorem 11.191 and Proposition 11.291 by noting that D is 
contained in the zero locus of a suitable a G Ahy the Riemann-Roch theorem. 
For 2 consider the diagram 











M- 



f 



M- 



M' 



M' 



■ coker / — 
(=0) 
■ coker / — 







•0. 



By diagram chase, we get a morphism : M' — )■ M which is dual to f in the sense that 
/V o / = a and / o /V = a. □ 
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Remark 1.33. The dual isogeny clearly depends on a and there rarely is a canonical choice 
for a. If C = and A = ¥q[t] we obtain from the elementary divisor theorem a unique minimal 
monic element a € A (which still depends on the choice of the isomorphism A = Fq[t], though) 
that annihilates coker /. Also if / G End(M) is an isogeny of a semisimple pure Anderson 
motive over a finite field we will exhibit in Theorem 13.191 below a canonical a. But in general 
there is no canonical choice. 

Nevertheless, since A is a Dedekind domain, a power of the ideal annihilating coker / will 
be principal and one may take a as a generator. This has the advantage that the support of 
coker / equals V{a) C Spec A. In particular if the characteristic point e is not contained in the 
support of coker / and in V{a), also /^ will be separable. On the other hand, if / G End(M) 
then / is integral over A, since End(M) is a finite ^d-module by Proposition 12.181 below. Then 
/ generates a finite commutative ^-algebra A[f]. Our discussion of the choice of a shows that 
the set V{f) C Specyl[/] of zeroes of / lies above supp(coker /) C Spec^. 

Lemma 1.34. Let f € IIom(^, and f £ IIom(^',^") be morphisms between abelian t- 
sheaves and let D be a divisor on C . 

1. If two of f, f, and f'of are isogenies then so is the third. 

2. If f is an isogeny then also /(8> 1 G ^sog{T{D),^'{D)) is an isogeny. 

3. If D is effective then the natural inclusion T_ C T_{D) is an isogeny. 

Proof. 1 is obvious. 

2. Clearly the tensored morphisms fi®\ : J-i{D) — t- J--{D) remain injective and the support of 
coker /j 1 equals the support of coker /». 

3. The inclusion ^ C Z^{D) is a morphism because the divisor D is fi-invariant. □ 

In the following we want to define the degree of an isogeny which should be an ideal of A since 
in the function field case we have substituted A for Z. Let / : M — )• M' be an isogeny between 
pure Anderson motives. Then the 74/,-module coker / is a finite L-vector space equipped with a 
morphism of ^/.-modules r' : a* coker / — )• coker/. Since coker / is annihilated by an element 
of A it decomposes by the Chinese remainder theorem 

(coker/,/) = (coker /,r')®A^. =: ■ 

?;£supp (coker /) i;Gsupp(coker /) 

li V ^ £ the morphism r' on is an isomorphism and so Lang's theorem implies that 

{K, (S)L L^'T i^'^P ^ K, 0L L'^" 
is an isomorphism; see for instance |Anll Lemma 1.8.2]. In particular 
[F, :Fg] •dimF„(^,®LL^"P)" = dimF^(^, 0^ L^<=P)" = dim^scp (K, ®l L^^P) = dim^K,. 

On the other hand if the characteristic is finite and v = e, the characteristic morphism 
c* : A — 7- L yields F^ C L and determines the distinguished prime ideal 

ao := (a (g) 1 - a (g) c*(a) : a G F^) C A^^l ■ 

If we set n := [F^ : ¥q] and aj := ((T*)*Oo = (a(g) 1 — a0c*{ay' : a G Fg), then we can decompose 
Ae,L = 0iez/nZ^e,i/'^* ^'"d T is an isomorphism 

for i 7^ since r is an isomorphism on M and M' outside the graph of c* . (This argument will 
be used again in Proposition 12.81 ) In particular 

[F, : ¥g] ■ dimL(K,/ao^J = dimz.^ . 
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Definition 1.35. We assign to the isogeny f the ideal 

deg(/) := Yl = e'^''^^^^^^/""^^) • 

i'£supp(coker /) vj^e 

of A and call it the degree of /. We call £^^^l{Ks/^Ks) ^/jg inseparability degree of / and 
1\^_^^v'^'"^^-'^^v'^lL^°''^^ ^/^g separability degree of /. 

Remark. The separability degree of / is the Euler-Poincare characteristic EP{^^,^_^^ (g)/, 
L'^^P)^; see Gekeler [Gekl 3.9] or Pink-Traulsen [PTl 4.6]. Recall that the Euler-Poincare 
characteristic of a finite torsion yl-module is the ideal of A defined by requiring that EP is 
multiplicative in short exact sequences, and that EP{A/v) := v for any maximal ideal v of A. 

Lemma 1.36. 1. If f : M ^ M' o^f^d 9 '■ M' — ^ M" CLf^ isogenics then deg{gf) = deg(/) • 
deg(5f)- 

2. dim^^ A/ deg(/) = dim^coker/. 
Proof. 1 is immediate from the short exact sequence 

^ coker / — ^ cokeT{gf) *- coker g 



and 2 is obvious. □ 
Proposition 1.37. The ideal deg{f) annihilates coker/. 

Proof. If v = e and a is a uniformizer at e, then multiplication with a is nilpotent on the 
L-vector space K_s/'^oi^- particular a^™i-(i^e/°o.^e) annihilates Kj,/aoKj,, and hence also 

Ifv^e and a is a uniformizer at v, we obtain analogously that a^^"^Vv(Kv^LL''°py annihilates 
the F^-vector space (K^, (Sil L^^'^Y and therefore also the L-vector space I£^. □ 

Proposition 1.38. Let f ■ M ^ M' be an isogeny such that deg(/) = aA is principal (for 
example this is the case if C = and A = ¥q[t]). Then there is a uniquely determined dual 
isogeny : M' — )• M satisfying f o f^ = a ■ idj^f and f^ o f = a - idM • 

Proof. Since deg(/) annihilates coker / the proposition is immediate. □ 



In Theorem 13.191 we will see that any isogeny / G End(M) of a semisimple pure Anderson 
motive over a finite field satisfies the assumption that deg(/) is principal. 



1.6 Quasi-morphisms and quasi-isogenies 

We want to establish the existence of dual isogenics also for abelian r-sheaves. But if we follow 
the proof of Corollary 11.321 the problem is that multiplication with a is not an endomorphism 
of an abelian r-sheaf, since it produces poles. We remedy this by defining quasi-morphisms and 
quasi-isogenies between T_ and which allow the maps to have finite sets of poles. 

Definition 1.39 (Quasi-morphism and quasi- isogeny) . Let T_ and ^ be abelian T-sheaves. 

1. A quasi-morphism / between T_ and is a morphism f G Hom(£, ^'(D)) for some 
effective divisor D on C . 

2. A quasi-isogeny / between T_ and is an isogeny f G Isog(£, ^'(D)) for some effective 
divisor D on C . 
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We call two quasi-morphisms fi G Hom(^, ^'(Di)) and f2 € Hom(^, ^'(i3)2)) equivalent 
(denoted /i ~ /2), if the diagram 

J^Z!{Di+D2) 

commutes where the two arrows on the right are the natural inclusions. 

Clearly, the relation ~ defines an equivalence relation on the set of quasi-morphisms between 
^ and ^ where the transitivity is seen from 

t:{Di+d2) 

T:{Di+Ds) ^r{D^+D2+D-i) 




by canceling the dotted arrow due to injectivity. Since the divisors of quasi-morphisms are not 
particularly interesting, we fade them out by forming equivalence classes of quasi-morphisms 
according to this equivalence relation. 

Definition 1.40. Let T_ and he abelian t -sheaves. 

1. We set QHom(^, to he the set of quasi-morphisms between T_ and modulo ~. 

2. The equivalence class of a quasi-morphism f between T_ and modulo ~ is denoted by 
[f], and we call it a quasi-morphism between T_ and as well. 

3. We set QIsog(^, to be the subset of QHom(^, whose elements [f] are represented 
by isogenics f . 

We write QEnd(Z) := QHom(Z,J:) and QIsog(£) := QIsog(Z,Z)- 

Remark. 1. By Lemma 11.341 it holds for fi ~ /2, that /i is a quasi-isogeny if and only if /2 
is a quasi-isogeny. This justifies our definition of QIsog(^, 

2. Proposition 11.291 and Lemma 11.341 hold analogously for quasi-morphisms and quasi- 
isogenies, since every quasi-morphism / G QHom(^, is a morphism / G Hom(^, ^'(L>)) for 
some effective divisor D on C. 

3. Every pair of quasi-morphisms [/i],[/2] G QHom(^, can be represented by mor- 
phisms /i,/2 G Hom(^, ^'(Z))) with the same divisor D on C. In particular we can form the 
sum 

[/i] + [/2] := [/1 + /2] GQHom(Z,Z')- 

Since poles are negligible, we can extend this structure to a Q-vector space by now being 
able to admit multiplication by elements of Q. Let [/] G QHom(^, be represented by 
/ G Hom(£,^'(D)) and let a £ Q. Then a- f G Hom(£, £'(L'+(a)oo)) where (a)oo denotes the 
divisor of poles of a, and we define 

«•[/]:=[«•/] GQHom(Z,Z')- 

Moreover, Quasi-morphisms can be composed. Let and be abelian r-sheaves and let 

[/] G QHom(^, and [/'] G QHom(^',^") be quasi-morphisms between T, and 
which are represented by / G Hom(^, ^'(D)) and /' G Hom(^', ^"(Z)')), respectively. In order 
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to compose /' and /, we have to raise /' to be a morphism from Z^'{D). We achieve this by 
simply tensoring with ®o^^Oci^{D). Now (/'(E>l)o/ G Hom(^, ^"(D+D')), and we can define 
the composition 

[/']o[/]:=[(/^l)o/] eQHom(Z,Z")- 

All these operations are well-defined which can easily be seen by diagram arguments similar to 
the one we presented for the transitivity of ~. Altogether we obtain 

Corollary 1.41. Let T and be abelian T-sheaves. With the above given structure, we have 

1. the composition of quasi-isogenies is again a quasi-isogeny, 

2. QHom(^, is a Q -vector space, 

3. QEnd(^) is a Q-algebra. □ 

Remark. The Q-vector spaces QHom(£, £') and QEnd(^) are finite dimensional. We will prove 
this in Proposition 12.151 below. 

As an abuse of notation, we will write / G QHom(^, instead of [/] to denote the 
quasi-morphism represented by / G Hom(£, ^'(D)). 

Remark 1.42. For every a G Q^, the multiplication by a is a quasi-isogeny on T_. Since a 
injects Ti into J'i{{a)oo) and commutes with the 77j and the r^, it is a morphism of abelian 
T-sheaves. Additionally, its cokernels are supported on (a)o, the divisor of zeroes of a. 

Now we come back to the idea of defining a dual isogeny. As already mentioned, a global 
definition fails because the annihilating multiplication by a is not a morphism between and 
J-[. This problem will now be solved by using quasi-morphisms and quasi-isogenies. 

Let T_ and be abelian r-sheaves and let / G QIsog(£, be a quasi-isogeny represented 
by an isogeny / : ^ — )• ^'(D) for an effective divisor D on C. By the annihilating property of 
the support, we can find a G with a ■ coker/j = for all i G Z. Now consider the following 
diagram. 

^ Ti ^ Tl{D) ^ coker/i ^ 

^ ^ a a (=0) 

-^i(fa)oo) — F[{D + {a)^) coker/i 0. 



As in 11.321 we get a morphism fi^ : ^[{D) — )• Ti[{a)oo) satisfying fi^ o fi = a and fi o 
fi^ = a. Collecting these fj^ together, we obtain a dual morphism of abelian r-sheaves G 
Hom(£'(-D),^((a)oo)) which is a quasi-morphism between and T_. 

Proposition 1.43. Let T_ and be abelian r-sheaves. 

1. If f G QIsog(^, is a quasi-isogeny then the dual f^ G QHom(^',^) of f is a quasi- 
isogeny and f^^ := a^^ ■ is the inverse of f in QHom(£',^). 

2. Qlsog(^) is the group of units in the Q-algebra QEnd(^). 

Proof. Since the fi and the multiplication by a 7^ are isomorphisms at the generic fiber the 
lemma follows from proposition 11.291 □ 

Remark. The dual morphism clearly depends on the choice of a and again there is in general 
no canonical choice of a. 
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Definition 1.44. Let ^ and he abelian r-sheaves. We call T and quasi-isogenous ~ 
^'), if there exists a quasi-isogeny between ^ and ^ . 

Corollary 1.45. The relation ~ is an equivalence relation. □ 
Proposition 1.46. Let T and be abelian r-sheaves. If , then 

1. the Q-algebras QEnd(£) and QEnd(^') are isomorphic, 

2. QHom(^, is free of rank 1 both as a left module over QEnd(^') and as a right module 
over QEnd{£). □ 

Next we want to give an alternative description of QHom(^, similar to the description 
|Pap[ Proposition 3.4.5] in the case of "dual t-motives". 

Proposition 1.47. Let T_ and T[ be abelian r-sheaves of the same weight and characteristic. 
Then the Q-vector space QHom(^, is canonically isomorphic to the space of morphisms 
between the fibers at the generic point rj of Cl 

{ fo,ri ■ ^0,v ^0,ri ^ith /q,,, o Hq^^ o ro,r, = (-^^q,^)"^ o Tq^^ o a*{fo,r,) } • 

This isomorphism is compatible with composition of quasi-morphisms. 

Proof Clearly if / G QRom{Z,Z!) the map / I— >■ /o,r) is a monomorphism of Q-vector spaces. 
To show that it is surjective let fo^^i as above be given. As in the proof of 11.291 choose a 
finite flat morphism 93 : C — )• Pj._^ with 99~-^(oopi) = {00}, set ¥q[t] = r(Pj.^ \ {oopi},Opi), 

and replace T and by yp^T and y?*^'. Choose L[t]-bases of M = r(P^ \ {cxDpi}, J"o) aiid 
M' = r(P^ \ {oopi}, J^q), and write IIq^ o tq and (77q)~^ o Tq with respect to these bases as 
matrices T and T' with coefficients in L[t]. li e 00 let 9 := c*{t) and set e := d and e' := d' . 
If e = 00 set e = e' = and 6 := (the choice of 9 will not play a role in this case). 

Then in both cases det T = b - {t — 9Y and det T' = b' ■ (t — 9Y for 6, € L^ . By considering 
the adjoint matrices we find in particular that {t - 9YT-^ and {t - 9^' {T'y^ have all their 
coefficients in L[t]. Write /o,r; with respect to these bases as a matrix F e MrixriL{t)). It 
satisfies FT = T'a*F. 

Consider the ideals of where L'^^^ is an algebraic closure of L 

I:={h€ : hF G M^/xr(^''^^ W) } 

and r := {cr*{h) : h£ I}. Note that / / (0). We claim that 

h£l =^ {t-9y'h£r and 

her =^ {t-9yhel. 

Indeed, let h e I and set g := (o-*)"H(* - OT'h). Then 

a*{gF) = {t-9f'ha*F = {t - 9f' {T')-^ ■ hFT £ Mr'ycriL^HA) ■ 
Hence g £ I and (t — 9^' h G F . Conversely let h G F, that is, h = cr*{g) for g £ I. Then 
{t-9YhF = T'a*{gF)-{t-9YT~^ £ Mr'y,r{L''^^[t]) 

proving the claim. 

Since is a principal ideal domain we find / = [h) and F = (cj*(/i)) for some h £ I. In 

particular (t - 9Y' h = g ■ a*{h) and {t - = f-h for suitable f,g£ We conclude 

{t - 9Y^^ h = fgh and since the polynomials h and cr*{h) are non-zero and have the same 
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degree, g = P ■ {t — Oy' for some (3 G (L*^'^)^. Choose an element 7 e (L'^'s)^ with 7"? = /3. 
Then 

a:=jh = a*{jh) e¥g[t] 

and O-F G Mr/xr(-^[i])- Thus /o,,; defines a morphism /o : -^0 ~^ •^o(-^o) for (v3*a)o+"^0"00 
with appropriate mo G Nq. Here (y'*a)o is the zero divisor of the element ip*a G A. 
Now we define inductively on C£ := \ {cxd} 

/, := nU o o nr_\ : ^ TlH^p* a)o)\c'^ {i > 0) 

and analogously for i < 0. To pass to the projective closure, we allow divisors Di = ((/?*a)o + mj- 
00 for sufficiently large rrij > such that /j : J-i ^ J-[{Di) for all i G Z. Since T_ and have 
the same weight, we have the periodical identification if I satisfies condition 2 of Definition 11.91 
for both T and J-' 



i+nl 



■ Fi{nk ■ 00) 



mi 



(z, n G Z) 



T-iDi + nk- 00) 



Take m := maxjmo, . . . ,mi_i} and set := (99*0)0 + m ■ 00. Then fi : Ti ^ ^liD) for all 
i £ Z. Since the commutation with the iT's and the r's holds by construction, the collection of 
the fi is the desired quasi-morphism / G QHom(^, ^'). □ 



The following proposition connects the theory of quasi-morphisms of abelian r-sheaves to 
the theory of morphisms of their associated pure Anderson motives and r-modules. 

Proposition 1.48. Let T_ and he two abelian r-sheaves of the same weight and let D C C 
be a finite closed subscheme as in Section \1.3l 

1. If 00 £ D we have a canonical isomorphism of Q -vector spaces 

QHom(^,^') = Y{oui{M^^\F),M^^\F^))(^^Q. 

2. If 00 ^ D choose an integer I which satisfies condition 2 of \l.S\ for both T_ and and 
assume F^i C L. Then we have a canonical isomorphism of Q -vector spaces 

QHom(Z,Z') = Hom77,A(M(^)(Z),M(^)(Z')) ^A<3 

where the later is the space of all morphisms commuting with TI and A(A) from for 
all A G Fg;. 

By lemma \1.22\ the condition on the weights can be dropped if e ^ D or if e ^ 00 and 00 £ D. 

Proof. Let M := M^^HF) and M' := M^^\F^). We exhibit a monomorphism of Q'Vector 
spaces from QHom(^, to Hom(M, M') (g)^ Q in case 1 (respectively from QHom(^, to 
Hom77^A(M^,ii^') ®x Q case 2) and another monomorphism from the target of the first to the 
Q-vector space 

H ■■= { fo,v ■ Fo,v Fo,n ^i*^ fo^v ° ^0,^ ° '^o.r, = (^0,7?)"^ ° Tq^v ° <^*{k,r,) ] 

introduced in proposition 11.471 such that the composition of the two monomorphisms is the 
isomorphism from ll.4Tl 
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Let / G QHom(^, By the Riemann-Roch Theorem we can find some a G Q such that 
a ■ f maps from ^ into Z^{n ■ D) for some n > 0. Since a and / commute with the 77's and r's, 
we get for the first monomorphism 

/ I— )• « • /oIclxD "SD o ""^ £ HomfM, M') (g) 4 Q in case 1, and 

/ ^ a- (/o©---e//_i)|cixD(»a-i e Hom77,A(M,M') <^aQ in case 2. 

To construct the second monomorphism we treat each case separately. 

1. The localization Hom(M, M') Q ^ H , g <S> a ag^ at the generic point rj of Cl gives 
the desired monomorphism. 

2. Let (5 : ^Mi^ ^Mi)0ae Hom/f,A(M, M') (g)^ Q. Then g corresponds to a block matrix 
{gij : Mj — )• Mi)Q<,ij^i with i^jj • A"^^ = A''* • gij for all A G F^i. Therefore, we have gij = for 
i 7^ j. We map (7 (g) o to the localization a • (500)77 at ry. Since IJg = gll this map is injective 
and our proof is complete. □ 

Remark. Again note the importance of the assumption that ^ and ^ must have the same 
weight, since otherwise QHom(Z,£') = (0) by [HH] whereas Rom{M^^\Z.),M''^HZ!)) could 
be non-zero. Consider for example the abelian r-sheaves on C = Pp^ with C \ {00} = SpecFq[t] 
given by Ti = C'pi^(i • 00), ti = t and F[ = Opi^{2i ■ 00), r^' = t^, where U and U' are the 
natural inclusions. They have wt(^) = 1 and wt(^') = 2. If we choose D = V(t) and z = G 
r(C \ D, Opi ) as uniformizing parameter at 00 then M'-^^T) = {L[z], 1) = M^^HZO- 

Definition 1.49. Let M and M' be pure Anderson motives. Then the elements of 
Hom(M,Af') Q which admit an inverse in Hom(M', M) 0^ Q are called quasi-isogenies. 

Corollary 1.50. Let the characteristic be different from 00. Then the functor T_ 1— )■ M(J^) 
defines an equivalence of categories between 

1. the category with abelian T-sheaves as objects and with QHom(^, as the set of mor- 
phisms, 

2. and the category with pure Anderson motives as objects and with Hom(M, M') <S>a Q cls 
the set of morphisms. 

We call these the quasi-isogeny categories of abelian r-sheaves of characteristic different from 
00 and of pure Anderson motives respectively. 

Proof. This is iust a reformulation of Theorem 11.191 and Proposition [L^8l □ 

1.7 Simple and semisimple abelian r-sheaves and pure Anderson motives 

In the last section of this chapter we want to draw some first conclusions in our study of the 
structure of QEnd(£). 

Definition 1.51. Let T_ be an abelian r-sheaf. 

1. T_ is called simple, if ^ and T_ has no abelian quotient r-sheaves other than and 

2. T_ is called semisimple, if T_ admits, up to quasi-isogeny, a decomposition into a direct 
sum T_ ^ T_i © • • • © T_n of simple abelian r-sheaves T_j (1 < j < n). 

3. T_ is called primitive, if its rank and its dimension are relatively prime. 
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We make the same definition for a pure Anderson motive. 

Remark 1.52. It is not sensible to try defining simple abelian r-sheaves via abelian sub-r- 
sheaves, since for example the shifted abelian r-sheaf {J^i-n, Ili-mTi-n) by n G N is always a 
proper abelian sub- r-sheaf of {J-i, ni,Ti). Furthermore we have for every positive divisor D on 
C a strict inclusion £(— -D) C This shows that abelian r-sheaves behave dually to abelian 
varieties. Namely an abelian variety is called simple if it has no non-trivial abelian subvarieties. 

Proposition 1.53. Let T_ he an abelian r-sheaf with characteristic different from oo. Then ^ 
is (semi-)simple if and only if the pure Anderson motive M{T) is (semi-)simple. 

Proof. First let T_ be simple and let / : M{T) — )• M' be a surjective morphism of pure Anderson 
motives. By Theorem 11.191 there is an abelian r-sheaf with M' = M(£')- By 11.481 there is 
an integer n such that / G Hom(^, ^'(n • oo)) and im/ is an abelian quotient r-sheaf of by 
11.261 Hence / is injective or / = proving that / : M(T) — )• M' is an isomorphism or M' = 0. 

Conversely let M[T^ be simple and let / : ^ — t- be an abelian quotient r-sheaf of T_. 
Then M{f) '■ M{£) M{Z!) is surjective. So / = or / is injective proving that Z!' = or / 
is an isomorphism. 

Clearly if ^ is semisimple then so is M(^). Conversely if M(T) is isogenous to a direct sum 
Ml © . . . ®Mn with Mi simple, then we obtain from 1 1 . 19] and [L23l simple abelian r-sheaves 
of the same weight with M{Fi) = Mi and Ft^^ F^® . . . ® F^hy [1301 □ 

Proposition 1.54. Let F_ he an abelian r-sheaf. If F is primitive, then F is simple. 

Proof. Let F be an abelian quotient r-sheaf of F. Clearly, we have f < r. If f = 0, then ^ = 0. 
Otherwise, the surjection / G IIom(^, F) is non-zero, and by 11.181 we get dr = dr. Since r 
and d are relatively prime, it follows f = r and d = d. Therefore, considering the ranks in 
—7- ker /j — )• J^j — )• J^j — 7- , we conclude ker fi = and hence fi is an isomorphism. □ 

Corollary 1.55. If M is a pure Anderson motive of rank r and dimension d with {r,d) = 1 
then M is simple. □ 

Proposition 1.56. Let F and F^ be abelian r-sheaves of the same rank and dimension. If the 
characteristic is different from oo and if F_ is simple, then every non-zero morphism between 
F_ and F^ is an isogeny. 

Proof. Let / G IIom(^, be a non-zero morphism. Since the characteristic is different from 
oo, we know by II. 261 that im / is an abelian quotient r-sheaf. As F is simple, we have F = imf 
and therefore / is injective. Thus, bv 11.291 / is an isogeny. □ 

Remark 1.57. Note that the assumption on the characteristic in the proposition and the 
theorem below is essential. Namely, the abelian r-sheaf F of Example 11.281 is primitive, hence 
simple, but the endomorphism / of £ constructed there violates the assertions of the proposition 
and the theorem below. 

Theorem 1.58. Let F be an abelian r-sheaf of characteristic different from oo. 

1. If F is simple, then QEnd(^) is a division algebra over Q. 

2. If F is semisimple with decomposition F ~ F^ • • • (BFn '^P ^'^ quasi-isogeny into simple 
abelian r-sheaves F_j, then QEnd(£) decomposes into a finite direct sum of full matrix 
algebras over the division algebras QEnd(^j) over Q. 

Remark. We will show in theorem 13.111 below that over a finite field also the converses to these 
statements are true. 
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Proof. 1. We saw in 11.411 that QEnd(^) is a Q-algebra. By 11.431 we can invert every quasi- 
isogeny in Qlsog(^). Thus, by proposition 11.561 QEnd(^) is a division algebra. 

2. Let T ~ Ti © • • • © ^„ be a decomposition into simple abehan r-sheaves Tj. Bv 11.461 we 
know that QEnd(^) = QEnd(^]^ © • • • © T^), so we just have to consider the decomposition. 
By proposition [L56l we only get non-zero morphisms between £j and Tii if £j ~ Hence we 
can group the quasi-isogenous and decompose QEnd(^) = -Ei © • • • © into their collective 
endomorphism rings E^, = QEnd(£j^ ^ © • • • ), 1 < < "i, Y1T=1 i^v ~ By [OSl every 

QHom(^j-^ 1 < a, /3 < Hu, is isomorphic to QEnd(^j^ J. Hence we conclude that each 

El, is isomorphic to a matrix algebra over QEnd(^j^ ^) which completes the proof. □ 

For example if £ is an abelian r-sheaf associated to a Drinfeld module, then d = 1 and £ 
is primitive, hence simple. Also e ^ oo and so QEnd(^) is a division algebra. Together with 
Corollarv 11.501 this gives another proof that the endomorphism Q-algebra of a Drinfeld module 
is a division algebra over Q. 

2 The Associated Tate Modules and Local Shtukas 
2.1 Local Shtukas 

Before treating Tate modules in Section [2. 2 1 we want to attach another local structure to abelian 
r-sheaves or pure Anderson motives which is in a sense intermediate on the way to the u-adic 
Tate module, namely the local (iso-)shtuka at v. It is the analog of the Dieudonne module of 
the p-divisible group attached to an abelian variety. Note however one fundamental difference. 
While the Dieudonne module exists only if p equals the characteristic of the base field, there 
is no such restriction in our theory here. And in fact this would even allow to dispense with 
Tate modules at all and only work with local (iso-)shtukas. Being not so radical here we shall 
nevertheless prove the standard facts about Tate modules through the use of local (iso-)shtukas. 

To give the definition we introduce the following notation. Let f G C be a place of Q and 
let L D ¥q he a field. Recall that Ay^L denotes the completion of Oc^ at the closed subscheme 
V X SpecL and that Qv,l = ^■u,-l[^]- Note that v x SpecL may consist of more than one point 
if the intersection of L with the residue field of v is larger than ¥q. Then A^^l is not an integral 
domain and Qv,l is not a field. Local (iso-)shtukas were introduced in |Halj under the name 
Dieudonne ¥q[z\-modules (respectively Dieudonne ¥q{{z)) -modules). They are studied in detail 
in [An2t IKim| ; see also [Ha2j . Over a field their definition takes the following form. 

Definition 2.1. An (effective) local cr-shtuka at v of rank r over L is a pair M = {M,(j)) 
consisting of a free A^^i-module M of rank r and an injective A^^^-module homomorphism 
a*M M. 

A local c7-isoshtuka at v of rank r over L is a pair N = (iV, 0) consisting of a free Qv,L- 
module N of rank r and an isomorphism (p : a*N — t- N of Q^^L-nT'Odules. 

A morphism between two local a-shtukas (M, (p) and (M', 0') at v is an A^^l -homomorphism 
f : M ^ M' with fcf) = (p'a*{f). We denote the set of morphisms from M — )• M' by 
Hom^^ ^[^](M, M'). The similar definition and notation applies to local isoshtukas. 

Remark 2.2. Note that so far in the literature |An21 iHal] IHa21 IKiml ILau| it is always assumed 
that Ay has residue field Fg, the fixed field of a on L. So in particular Ay^^ is an integral domain 
and Qy^L is a field. For applications to pure Anderson motives this is not a problem since we 
may reduce to this case by Propositions 12.51 and 12.81 below. 
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Definition 2.3. A local shtuka M = (M, (p) is called etale if 4> is an isomorphism. The Tate 
module of an etale local a-shtuka M at v is the G := Gal{L^^P / L) -module of (j)-invariants 

The rational Tate module of M is the G-module 

VyM ■■= nM ®A„ Qv ■ 

It follows from \TW\ Proposition 6.1] that T^M is a free A„-module of the same rank than 
M and that the natural morphism 

TyM Oa, Ay^L-cp ^ M (^A„,i Ay^L--p 

is a G- and 0-equivariant isomorphism of ^^^Lsep-modules, where on the left module G-acts on 
both factors and ip is id 0a*. Since {L^'^^)^ = L we obtain 

Proposition 2.4. Let M and M' be etale local a-shtukas at v over L. Then 

1. M = {TyM®Av Ay^Lscp)'~^ , the Galois invariants, 

2. Hom^^ ^ [(/,]( M,M') Hom4^.[r;] (r„M, T„M0 , f ^ T^f is an isomorphism. 

In particular the Tate module functor yields a fully faithful embedding of the category of etale 
local shtukas at v over L into the category of Ay[G]-modules, which are finite free over A^. □ 

If the residue field F^, of v is larger than Fg one has to be a bit careful with local (iso- 
)shtukas since the ring Qv,l is then in general not a field. Namely let ^F^, = and let F^/ := 
{a G L : a''" = a} be the "intersection" of F^, with L. Choose and fix an F^-homomorphism 
¥^f ^ ¥y C Ay. Then 

¥v®¥^L= W ¥y®Y^fL= W ¥y®¥^L/{b®l-l®¥' -.beY^j) 

Gal(F^j./F5) " ieZ//Z 

and cr* transports the i-th factor to the {i + l)-th factor. Denote by Oj the ideal of Ay^i (or 
Qy^L) generated by {6 ® 1 - 1 ® 6^' : 6 G F^/}. Then 

Ay^L= Ay(E)¥^j.L= Jl Ay^i/ai 

Gal(F^^/F,) ' i&lf-L 

and similarly for Qv,l- Note that the factors in this decomposition and the ideals Oj correspond 
precisely to the places Vi of Cf , lying above v. 

qJ 

Proposition 2.5. Fix an i. The reduction modulo ai induces equivalences of categories 

L (iV,(A)i — >{N/aiN, ^^modai:{a*yN/aiN^N/aiN) 

between local a-isoshtukas at v over L and local a-f -isoshtukas at vi over L of the same 
rank. 

2. (M,0) ^ (M/oiM, (t)fuiodai:{a*yM/aiM^M/aiM) 

between etale local a-shtukas at v over L and etale local a^ -shtukas at Vi over L preserving 
Tate modules 

Ty{M,(t>)^Ty^{M/aiM,(t>f). 
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Proof. Since a*ai-i = Oj the isomorphism (p yields for every i an isomorphism ^moda^ : 
a* {N / tti-iN) — )■ N/aiN and similarly for M. These allow to reconstruct the other factors 
from {N/aiN, (f>^ mod ai) . More precisely we describe the quasi-inverse functor. Let N' = 
{N' , ip : {a*)^N' N') be a local cr-^-isoshtuka at Vi over L. Define the Q^^i/aj+j-module 
Ni+j := {a*yN' for < j < / and the Qti^i/oj+j-homomorphism 

(pi+j := id^^^^.: a*Ni+j^i ^ Ni+j for < j < / and 

(pi := i'': a*Ni+f_^ = {a*)fN' ^ Ni . 

The quasi-inverse functor sends N' to the local cr-isoshtuka (0q<^-^j TVj+j , 0q<j-^j at v 
over L. Reducing the latter modulo Oj clearly gives back N' . Also note that this quasi-inverse 
functor sends a morphism h' of local cr-^-isoshtukas at Vi to the morphism h := ©o<i</('^*)'' (^') 
of the corresponding cr-isoshtukas at v. 

It remains to show that this functor is indeed quasi-inverse to the reduction modulo Oj 
functor. For this we need that (pmodai^j is an isomorphism for all < j < f. Namely the 
required isomorphism 

( {a*y{N/a^N), (0^modai)e id) ^ ( N/a,+jN, 0modai+,) = {N,(P) 

0<j<f 0<j<f 0<j<f 0<j<f 

is given by 0q<j^j ^ mod ai+j and one easily checks that this is a natural transformation. 
Note that the entry for j = is id^y^_^. So we do not need that ^modoj is an isomorphism. 

Also if i;Amodaj is not an isomorphism then (p^ modaj+; is still an isomorphism for I = j, but 
not for < I < j which is harmless. This will be crucial in the variant which we prove in 
Proposition 12.81 below. 

For etale local shtukas we can use the same argument because there again all Frobenius 
maps are isomorphism. Finally, the isomorphism between the Tate modules follows from the 
observation that an element {xj)j^x/fz is i^i'-invariant if and only if Xj+i = (p{a*Xj) for all j and 
Xi = ^f{{a*yx{). □ 

Remark. The advantage of the (etale) local (T-^-(iso-)shtuka at Vi is that it is a free module 
over A^^i/ai = A^i^^ ^L, and the later ring is an integral domain. So the results from [An 21 
iHaTl ITE2I iKia IHE] apply. 

Now let T be an abelian r-sheaf and f G C an arbitrary place of Q. We define the local 
a-isoshtuka of T_ at v as 

Ev{I} ■■= (j'o ®Oc^ Qv,L , o To) . 
If f 7^ 00 we define the local a-shtuka of T_ at v as 

Likewise if M is a pure Anderson motive over L and v G Spec A we define the local a-(iso- )shtuka 
of M at V as 

MviM) := M(S)AlAv,l respectively N^{M) ■= M (^Al Qv,L ■ 

These local (iso-)shtukas all have rank r. The local shtukas are etale ii v ^ e. For t> = 00 we 
also define Nnr,(M) in the same way. Note that iVoo(^) and Noo(M) do not contain a local 
(T-shtuka since they are isoclinic of slope — wt(£) < 0. 
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However, if v = oo the periodicity condition allows to define a different local (iso-)slituka 
at oo which is of slope > 0. Namely, choose a finite closed subscheme D C C as in Section [1.31 
with oo ^ D and set A = T{C \ D, Oc)- We define the hig local a-shtuka of T at oo as 



9 

i=0 



with T from (jl.2p . and the big local a-isoshtuka of T_ at oo as 

Both have rank rl and depend on the choice of k,l and z. If the characteristic is different from 
oo then Mao{^) is etale. Note that M^{F) and iVoo(^) were used in |Halj to construct the 
uniformization at oo of the moduli spaces of abelian r-sheaves. 

The big local (iso-)shtukas at oo, Moo(^) and iVoo(^) are always equipped with the auto- 
morphisms n and A(A) for A S F^z HL from (|1.3p . We let Aqo be "the" central division algebra 
over Qoo of rank I with Hasse invariant — j, or explicitly 

Aoo := Fgi((z))[77] / (il' - , Xz - zX, 77 - ATI for all A G F^,) • (2.4) 

If Fgi C L we identify Aqo with a subalgebra of Endg^ ^[^j (iVoo(^)) by mapping A € F^i C Aqo 
to A(A). 

Theorem 2.6. Let T_ and he abelian r-sheaves of the same weight over a finite field L and 
let V be an arbitrary place of Q . 

1. Then there is a canonical isomorphism of Q^- vector spaces 

QHom(J:,Z') ®Q Qv ^ HomQ^_^[^] (iY,(Z), iY,(Z')) • 

2. If V = oo choose an I which satisfies \L9y 2 for both T_ and and assume F^i C L. Then 
there is a canonical isomorphism of Qoo -vector spaces 



QHom(Z,Z') ®Q Qoo ^ Hom^^g^^^[^j (iYoo(Z),iYoo(Z')) • 
Proof. 1. Since in the notation of proposition 11.471 the condition 

hv ° n^', ° ^o,v - (Kv)'' ° <v ° ''*(hv) = (2.5) 
is Q-linear in /q^^ we see that the left hand side of the asserted isomorphy is 

{ fo,r, ■■ ^o,f) ®Q Qv -^0,^ ®Q Qv \ /o,r; Satisfies ([23]) } . 

Since L/¥q is finite, Qv ®¥q L = Qv,l and Fo^-q ®q Qv equals Nvi£.), and 1 is proved. 
2. Consider the isomorphism 

Horn (M(^) (Z), M(^) (ZO) Qoo = HomQ^^^[^](^„o(Z),^oo(Z')) 

whose existence is proved as in 1 . Now 2 follows by applying 11.481 and noting that the commu- 
tation with 77 and A(A) cuts out linear subspaces on both sides which become isomorphic. □ 

Theorem 2.7. Let M and M' be pure Anderson motives over a finite field L and letv £ SpecTl 
be an arbitrary maximal ideal. Then 

Hom(M,M') 0aAv ^ Hom^„^[<^] (M,(M),M,(M')) . 
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Proof. The argument of the previous theorem also works here since A^ is flat over A. □ 

Remark. If one restricts to places v ^ e, where the local tr-shtuka is etale, Theorems 12.61 
and 12.71 even hold for finitely generated fields. This was shown by Tamagawa [Tamj : see also 
Corollary [221] below. 

Let now the characteristic be finite and v = ehe the characteristic point. Consider an abelian 
r-sheaf E of characteristic c, its local cr-shtuka Me(^) = (M, cj)) at e and the decomposition of 
the later described before proposition 12.51 

Me{r)= n Me{r)/a^Me{r)■ 

From the morphism c : SpecL — )• SpecF^ C C we obtain a canonical Fg-homomorphism c* : 
Fe L, / = [Fe : Fq] and a distinguished place vq of Cp^ above v = e, namely the image of 
c X c : SpecL — )• C x F^. Then coker (p on Mi;[T) is annihilated by a power of Oq and therefore 
(j) has no cokernel on Mp {T) I a,; Mp {T\ for i 7^ and the proof of proposition 12.51 yields 

Proposition 2.8. The reduction modulo ao 

M,(Z) ^ (M.(Z)/aoM,(a , 

induces an equivalence of categories between the category of local a-shtukas at e associated with 
abelian T-sheaves of characteristic c and the category of local -shtukas at vq associated with 
abelian r-sheaves of characteristic c. The same is true for pure Anderson motives. □ 

Remark. Now the fixed field of on L equals Fg, the residue field of A,;. Also 
Ms{E) /^oMsiZ) is a module over the integral domain Ag^^^L. So again [An2[ IHaH IHa21 
KSKM apply to (M,(Z)/aoM,(Z), 

Proposition 2.9. Let M be a pure Anderson motive over L and let M'^ be a local -subshtuka 
of Mp(M)/anMp(M) of the same rank. Then there is a pure Anderson motive M' and an 
isogeny f : M' ^ M with Msif){Ms{M')/aoMs{M')) = M'^. The same is true for abelian 
T-sheaves. 

Proof Extend M'e to the local cj-subshtuka 0igz//z of Me(M) and consider 

K := M,{M)/ <p'{{a*yM'^). 

The induced morphism (px : cr*K ^ K has its kernel and cokernel supported on the graph of 
c. Set M' = {M',t') := (ker(M — )• K_),t\m')- Then M' is a pure Anderson motive with the 
required properties by Proposition 11.61 □ 

There is a corresponding result at the places v ^ e which is stated in Proposition 12.221 

Theorem 2.10. For pure Anderson motives over a finite field, being isogenous via a separable 
isogeny is an equivalence relation. 

Proof, (cf. I Wat! Theorem 5.2]) Since the composition of separable isogenics is again separable 
we only need to prove symmetry. So let / : M' — t- M be a separable isogeny. If the support of 
coker / does not meet e we can find a dual isogeny which is separable by Remark II. 331 In general 
we write coker / = Kf (B with Spec{Ai/eAL) Hsupp^^ = and supp C Spec{AL/eAL). 
We factor / as M' M" M with M" := ker(M -» coker / K^) according to Propo- 
sition 11.61 By the above we may replace M' by M" and are reduced to the case where 



2 THE ASSOCIATED TATE MODULES AND LOCAL SHTUKAS 



30 



supp(coker /) C SpbcIAl/sAl). There is a power of e which is principal = aA for a e A such 
that a annihilates coker/. Since our base field is perfect, Lemma 11.71 yields a decomposition 

M/aM = {M/aMf^ {M/aMY'^ . 

We let M" := ker(M — » (M/aM)^*) and consider the factorization of a ■ i^m 

M — > M" ^ M' ^ M 

obtained from the natural surjection {M I aMY^ — »■ coker/. Clearly coker /i equals the kernel 
ker ((M/aM)^* — » coker/) and h is separable. 

Consider the local u-shtuka Mi.{M) at e and the associated local cj-'^-shtuka M„^(M) := 
MeiM)/^oMeiM) from Proposition 12.81 By [Lau^ Proposition 2.4.6] the later decomposes 
Mvo (M) = Mvo (Mf^ © MvQ iMY'^ into an etale part Mvq (M)^^ on which is an iso- 
morphism and a nilpotent part M^g{MY'^^ on which is topologically nilpotent. Via 12.81 
we obtain the induced decomposition Me{M) = MeiMT^ © (M)"'' in which again (f) 
is an isomorphism on Me(M)'^* and topologically nilpotent on (M)"'*. By construction 
(M/aMf^ = Me{M)/Me{M") and Me{M") = a ■ Me{Mf* M^iMY^. The later is isomor- 
phic to M^{M) as yle^L[(?!»]-module, so Hom^^ ^[^j {Ms{M) > Me{M")) contains an isomorphism. 
Since the set of isomorphisms is open we find by Theorem 12.71 an isogeny 5 : M — t- M" with 
Mp(q) an isomorphism (here we use the assumption that the base field is finite). In particular 
g is separable and ho g : M ^ M' is the desired separable isogeny. □ 

Example 2.11. We give an example showing that the preceding theorem is false over infinite 
fields. This parallels the situation for abelian varieties. Let C = Pp , A = ¥q[t], and L = ¥q{'y) 
where 7 is transcendental over ¥g. Set 

t+1 ^, ^ 7^-7 

7-9 t - ly ■ V 7"'^* t 

and consider the pure Anderson motives M = {L[t]^,T = T) and M' = (L[^]^r' = T') of 
characteristic c* : ^ — )• L, 1 1— )• 0. There is a separable isogeny / : M' — t- M given by 

,01, 



^M'^^M ^{L,T = (1-7^-5)) = coker/ 

(y) I ^ {x - ly) mod t . 

We claim that End(M') = A = Fg[t]. From this it will follow that there is no separable isogeny 
5 : M — )• M' . Indeed, assume there exists a separable g. Then gf G End(M') = ^ is also 
separable. But gf is not an isomorphism on M' /tM' since already / is not injective modulo t. 
Therefore gf is divisible by t, which is not separable. This contradicts the separability of gf . 

It remains to prove the claim End(M') = ¥q[t\. Let Y^^^q (^"^' £ End(M')- The 

commutation with t' yields the equations 



a,_i + (l-y-«)a^ + 7-^6^-1 = ati + (l-7'->? + (7'^-7)c?, 
(7^-7)a. + 6.-i = d + (l-V~^)&? + (7''-7)<, 
c,_i + (1 - y-«)Q + 7"'^d,_i = j~'^al, + cl 



1 ' 



(75 - 7)q + = T'bl^ + dU. 

For i = one obtains cq = and oq G Fg. By subtracting the endomorphism (^°'° ^^^^ we may 
assume that ao = and hence 60 = — jdo. When z = 1 we multiply the first equation by 7'^ and 
subtract the second to obtain 



^0 = (7''' - 7) (ai + 7C1 - 7 ^h-di) 



1 
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Since 7'' — 7 is not a g-th power in L we must have bo = do = and iterating this argument 
proves the claim. □ 

2.2 The Tate Conjecture for pure Anderson motives and Abelian r-Sheaves 

In this section we define Tate modules for pure Anderson motives and abelian r-sheaves and we 
prove the standard facts on the finiteness of the A-module Hom(M,M') and its relation with 
Tate modules by using local (iso-)shtukas. We also state the analog of the Tate conjecture for 
abelian varieties, which was proved by Taguchi |Tag| and Tamagawa [Tamj . 

Definition 2.12. Let M be a r-module on A over L (Definition 1 1 . 20\) and let v G Spec A such 
that the support of cokerr does not meet v. We set 

%M := lim((M/i;"M)®LL''^P)'^ and VyM := T„M 0a„ , 

where the superscript {■■■)^ denotes the r-invariants. We call T^M (respectively V„M ) the 
(rational) f-adic Tate module of M. This definition applies in particular if M is a pure Anderson 
motive. 

Remark. Our functor Ty is covariant. In the literature usually the ^^,-dual of our T^M is called 
the ti-adic Tate module of M. With that convention the Tate module functor is contravariant on 
r-modules but covariant on Drinfeld modules and Anderson's abelian t-modules [Anlj (which 
both give rise to r-modules). Similarly the classical Tate module functor on abelian varieties is 
covariant. We chose our non standard convention here solely to avoid perpetual dualizations. 
This agrees also with the remark that abelian r-sheaves behave dually to abelian varieties; 
see fL52l 

Next we make similar definitions for abelian r-sheaves. 

Definition 2.13. Let T_ be an abelian T-sheaf and let v G C be a place different from the 
characteristic point e. We choose a finite closed subset D C C as in section [LR with v ^ D and 
CO £ D if V ^ 00 and set 

%T := nM^^\D and KZ := KM^^^(Z)- 

We call T^Z. ( respectively V^Zi) the (rational) v-adic Tate module associated to T. It is inde- 
pendent of the particular choice of D, but if v = 00 it depends on k,l and z; see paae\l^ 

By \TW\ Proposition 6.1], T^T (and VyT) are free At,-modules (respectively Q„-vector 
spaces) of rank r for v ^ 00 and rl for v = 00, which carry a continuous G = Gal{L^'^^ / L)- 
action. 

Also the Tate modules TqoZ ™d VooZ. are always equipped with the automorphisms II and 
A(A) for X GYgiDL from (fOj) . And if Y^i C L we identify the algebra Aqo from ([2^ with a 
subalgebra of EndQ^(V'ooZ) by mapping A G F^z C Aqo to A(A). 

The following is evident from the definitions. 

Proposition 2.14. If Z 'i^ an abelian T-sheaf over L, respectively M a pure Anderson motive 
over L and v & C (respectively v G Spec^j is a place of Q different from the characteristic 
point £, then 

T^Z. = Tv {Mv (Z) ) and KZ = K {Mv {£)) for v 00, 
TooZ = Too (Moo (Z)) and V^T = Voo{M^{L)). 



respectively T^M = T^{M^{M)) and KM = K(Mi)(M)) • □ 
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In order to prove the finiteness of HomfM, M') we first need the fohowing facts. 

Proposition 2.15. Let T_ and he abelian r-sheaves over an arbitrary field L and let v be a 

place of Q different from e. 

1. If V ^ oo then the natural map is injective 

QHom(Z,Z') ®Q Qv HomQ„[G](KZ, . 

2. If V = oo then the natural map is injective 

QHom(j;, j;') (g)Q Qoo — > HomQ_^[77_A G](FooZ, KxdZ') • 
In particular QHom(Z, Z') is a Q-vector space of dimension < rr' . 
Proof. 1. Consider the morphisms 

QHom(j;, j;') HomQ^(J"o,r?, -7^0,77) ®Ql (Qv L) Homg^^ (iV^(j;), iV^(j;')) • 

obtained from 11.471 and the definition of Ny{^). Clearly the composition factors through 
Homg^ ^[^] (iVi,(Z), iVt,(Z')). Since in both cases M„(J^) and M,„(J^') are etale local shtukas, 
the isomorphy of the later Qt^-vector space with the one stated in the proposition follows by 
tensoring |2.4l with i^^a^Qv- 

2. We adapt the argument from 1 by replacing and Qv,l by N^o and Q^o^Lin, A] and the 
assertion follows as above. □ 

The following fact is well known and proved for instance in [Tae] Proposition 1.2.4] even 
without the purity assumption. Nevertheless, we include a proof for the sake of completeness 
and to illustrate the use of the 00-adic Tate module Voo£ arising from the big local shtuka 

Moo(Z). 

Theorem 2.16. Let M and M' be pure Anderson motives over an arbitrary field L. Then 
HomfM, M') is a projective A-module of rank < rr' . 

Proof. Since M' is a locally free ^2,-module, H := Hom(M,M') is a torsion free, hence flat 
^-module, because all local rings of A are principal ideal domains. We prove that H is finitely 
generated by showing that H is a discrete submodule of a finite dimensional Qoo-vector space. 
Let T and be abehan r-sheaves with M = M(£) and M' = M{Z!)- Then Corohary [130] 
and Proposition 12.151 yield inclusions 

H^H(^aQ = QHom(Z,Z') ^ Homg^CFooZ, ^ooZO 

The later Qoo-vector space is finite dimensional and we claim that H \s a, discrete A- 
lattice. Indeed choose Q ^f, ^-bases m = {mi, . . . ,mri) of 0'=o-^«.'? with mj S M and 
m' = (m'^, . . . , m'^,;,) of ^1,^ such that 0(jo^ M' C 0jii A^m'j. With respect to these 

bases every element of H corresponds to b, matrix in Adffifxri{,-^L^- Now choose Qoo~ 

bases n of 

VooT and n' of VooZ^ and denote the base change matrix from m to n by i? G GLrz((5oo,Ls<=p)) 
and the base change matrix from m' to n' by B' G GLr'i'{Qoo,L^^p)- Then H is contained in 

Mr'l'xrliQoo) r) B' ■ Mr'l'xrli^l) ■ B 

which is discrete in M^n'xriiQoo)- This proves that H is a projective A-module. The estimate 
on the rank of H follows from 11.501 and 12.151 □ 
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Corollary 2.17. The minimal polynomial of every endomorphism of a pure Anderson motive 
M lies in A[x]. □ 

Proposition 2.18. Let M and M' be pure Anderson motives over an arbitrary field L and let 
V £ Specj4 be a maximal ideal different from e. Then the natural map 

Hom(M,M') ®A A^ RomA^[G]{nM,nM') 

is injective with torsion free cokernel. 

Proof. Consider the morphisms 

Hom(M,M') (^A A^ ^ HoniA JM,M') {A^ L) ^ HoniA JM,M') (^a^ A^,l 

which are injective because A^ is flat over A, respectively because Hom/i^(M, M') is flat over 
Al. Again the composite morphism factors through 

Hom^„^[^] (M^(M),M,(M')) = Hom^„[G] (^.M, T.M') 

(use l2.4p . To prove that the cokernel is torsion free let /„ be an element of the cokernel which 
is torsion. Since a power of v is principal we may assume that = af^ G Hom(M,M') f^A 
for an a £ A with (a) = v"^ for some m G N. Fix a positive integer n. There exists a 
g G Hom(M,M') with g = g^ mod v^~^"^ . In particular a divides g in }iomA,.[r:](T,M, T„M'). 
Since 

\nM'/a-nM')C^A/{a)AL^.p/{a)Y ^ M'/aM' 

(compare 12. 4p we see that g maps M into aM'. Thus g factors, g = af with / G Hom(M,M') 
and / = /^modf". As n was arbitrary and Hom(M,M') is a finitely generated ^-module the 
proposition follows. □ 



If L is finitely generated, Proposition 12.181 was strengthened by Taguchi Tag and Tama- 
gawa [Tarnl §2] to the following analog of the Tate conjecture for abelian varieties. 

Theorem 2.19 (Tate conjecture for r-modules). Let M and M' be two r-modules on A over 
a finitely generated field L and let G := Gal(L^'^P/L). Let v G Spec A such that the support of 
cokerr' does not meet v. For instance M and M' could be pure Anderson motives, A = A, and 
V ^ e. Then the Tate conjecture holds: 

Hom(M,M')®^^^ = HomA^[G](r^M,r^M'). □ 

Remark. Note one interesting consequence of this result. If M and M' are pure Anderson 
motives of different weights over a finitely generated field then Hom^^ [(jj (T^jM, T^M') = (0). 

Theorem 2.20 (Tate conjecture for abelian r-sheaves). Let T and be abelian r-sheaves over 
a finitely generated field L and let G := Gal{L^^^ / L) . Let v £ C be a place different from the 
characteristic point e. 

1. If v ^ oo assume the characteristic e is different from oo or wt(^) = wt(^'). Then 

QHom(Z,Z') ®Q Qv = HomQ^[G](K,Z, KZO • 



2. If V = oo choose an integer I which satisfies condition 2 of \1.9\ for both T_ and T[ and 
^hen 

QHom(j;, j;') (g)Q Qoo = HomA^[G](KxDZ, VooZ!) ■ 



assume F^i C L. Then 
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Proof. 1. Set M := M{Z) and M' := Mil!)- Bv [QHl and [2l9l we have 

ClRom{Z,Z')(g)QQ^ ^ Rom{M,M')^AQv = HomQ„[G] (F^M, ^M') • 

2. Let D C C he a finite closed subscheme as in Section 11.31 with e,oo ^ D and set M := 
M(^)(J:) and M' := M^^\Z!). By [LlHl and [2J9l we have 

QHom(Z,Z') ^qQoo = Homi7,A(M,M')^^Qoo = HomA^[G](V;oM, FooM') . 

Here the last isomorphism comes from the fact that the commutation with 77 and A(A) are 
linear conditions on Hom(M,M') and Hom(M,M') ®^ Q^o = HomQ^[G.](KoM, KxdM') thus 
cutting out isomorphic subspaces. □ 

As a direct consequence of the theorem together with Proposition 12.41 we obtain: 

Corollary 2.21. 7. Let M and be pure Anderson motives over a finitely generated field 
and let v G Spec A be a maximal ideal different from the characteristic point e, then 

Hom(M,M')^A^. = HomA„,^[<^] (M,(M), M„(M')) . 

2. Let T_ and be abelian T-sheaves over a finitely generated field L and let v be a place of 
Q different from e and oo. If e = oo assume wt(^) = wt(^'). Then 

QHom(J:, Qv = HomQ^^[^](iV,(a,iY,(Z')) • □ 

Finally we establish the relation between Tate modules and isogenics. 

Proposition 2.22. 7. Let f : M' M be an isogeny between pure Anderson motives then 
Tvf{TvM') is a G-stable lattice in V^M contained in T„M . 
2. Conversely if M is a pure Anderson motive and is a G-stable lattice in V^M contained 
in TyM, then there exists a pure Anderson motive M' and a separable isogeny f : M' — )■ M 

with Tyf{TyM') = Ay. 

Proof. 1 follows from the G-invariance of /. 

2. Consider the A^^^scp [G, 0]-module A„ (^a^ Ay ^^scp. The action of (p through a* on the right 
factor and of G through both factors commute. This module is a submodule of 

TyM (g)A, Ay^L--P = MviM) 'S)A,,L Av,L--P 

(see Proposition 12. 4p . and contains a ■ My(M) f^A^, ^ Ay^i^'^p for a suitable a £ A. Therefore 
the G-invariants (A„ ^Av Ay ^lbcp)'^ form an etale local cj-subshtuka M' of My(M) of the same 
rank. Now by Proposition 1 1 . 61 the kernel of the surjection M — »• My(M) / M' is a pure Anderson 
motive M' together with a separable isogeny / : M' — >• M. Clearly Myf(MyM') = M' and 

TyfiTyM') = Ay. □ 

Proposition 2.23. Let be an abelian quotient r-sheaf of T_. Then VyT^ is a G-quotient 
space of VyT. The same holds if M' o, quotient motive of a pure Anderson motive M. 

Proof. Let / € Hom(£, be surjective and let M and M' be the (big, if u = oo) local cr-shtuka 
of respectively at v. Then the induced morphism My{f) G Hom(M,M') is surjective 
and M" := ker M^(/) is also a local cr-shtuka at v. We get an exact sequence of local cr-shtukas 
which we tensor with A^,l=<=p yielding 

> M" (g)A„,i A^,L-P > M ®A,^L A,L-P M' ^„,L-P > . 
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The Tate module functor is left exact, because considering the morphism of Ai,_Lscp -modules 

1 - r : M (8)A„,z, A,L'=<=p — > M ^h.l^'^p 

we have by definition T^M = ker(l — r), and the desired left exactness follows from the snake 
lemma. After tensoring with ^a^Qv we get 

> V^M" > KM KM' . 

Counting the dimensions of these Q^-vector spaces, we finally also get right exactness, as desired. 

□ 

2.3 The Probenius Endomorphism 

Suppose that the characteristic is finite, that is, the characteristic point e is a closed point of 
C with finite residue field F^, and the map c : SpecL — )• C factors through the finite field 
e = SpecFg. 

Definition 2.24 (s-Frobenius on abelian r-sheaves). Let T_ he an abelian r-sheaf with finite 
characteristic point e = SpecF^ and let s = be a power of the cardinality ofFs- We define 
the s-Frobenius on £ by 

vr := (vTi) : (cJ*)"Z ^ Z[e], TTi := n+e-i o ■ ■ ■ o {a*y-'^Ti : {a* fTi^Ti+e- 

Clearly vr is an isogeny. Observe that F^ C F^ implies that {ct*YT_ has the same characteristic 
as T_. 

Similarly if e e Spec ^ is a closed point we define 

Definition 2.25 (s-Frobenius on pure Anderson motives). Let M be a pure Anderson motive 
with finite characteristic point e = Spec F^ and let s = be a power of the cardinality of F^ . 
We define the s-Frobenius isogeny on M by 

TT ■= T o . . . o {a*y-^T : {c7*YM^M. 

Remark 2.26. Classically for (abelian) varieties X over a field K of characteristic p one 
defines the Frobenius morphism X ^ (jfX where (j) is the p-Frobenius on K. There p equals 
the cardinality of the "characteristic field" im(Z — )■ K) = Fp. In view of the dual behavior of 
abelian r-sheaves and pure Anderson motives our definition is a perfect analog since here we 
consider the s-Frobenius for s being the cardinality of (a power of) the "characteristic field" 
im(c* : A^ L)=¥e. 

Now we suppose L = F^ to be a finite field with s = (e G N). Let F^ denote a fixed 
algebraic closure of F^ and set G = Gal(Fs/Fs). It is topologically generated by Frob^ : x i— )• x*. 
The following results for the Frobenius endomorphism of r-modules can be found in Taguchi 
and Wan [TW, §6]. 

Definition 2.27. Let Spec^ C C be an affine open subscheme and let M be a r-module on A 
over Fs- Since = idcj. , we define the s-Frobenius on M by 



■= := TocT*To...o{a*y-^T : {cr*YM = M ^ M 
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Proposition 2.28. Let M be a r-module on A over Fs of rank r and let v € Spec ^4 such that 
the support of coker r does not meet v. For example M can be a pure Anderson motive, A = A, 
and V ^ e. 

1. The generator F^ohs of G acts on T^M like (Tyn)^^ . 

2. Let : A„[G] — )• End 4^. (T^.Af ) denote the continuous morphism of A^ -modules which is 
induced by the action of G on T^M. Then im^' = At,[Ti,7r]. 

Proof. 1 was proved in |TW1 Ch. 6] and 2 follows from the continuity of ^. □ 

Remark. The inversion of Tt,7r in the first statement results from the dual definition of our Tate 
module. 

Proposition 2.29. Let T_ be an abelian r-sheaf over L = Yg with s = and let vr be its s- 
Frobenius. Then {o'*yT = T_. Let v G C be a place different from 00 and from the characteristic 
point e. 

1. The s-Frobenius vr can be considered as a quasi-isogeny of T_. 

2. The generator Frobs of G acts on TyF_ like [T^tt)^'^ . 

3. The image of the continuous morphism of Q^-vector spaces Qv[G] — t- EndQ^(T^^) is 

Qv[Vv1^]. 

4- M^^\tt) coincides with the s-Frobenius on M^^\T) from definition \2.21\ 

Proof. 1. Due to the periodicity condition, we have ^[e] C Fink • 00) for a sufficiently large 
n G N, since Fi+e C = Fi{nk-<x) for e < nl. Thus vr G Hom(£, £(nfc-oo)), and therefore 

vr G QEnd(J:). Bv fT^m we have vr G QIsog(J:). 

4. This follows from the definition of tt and the commutation of the TT's and the r's and then 
2 and 3 follow fromE^Sl □ 



3 Applications to Pure Anderson Motives over Finite Fields 

3.1 The Poincare-Weil Theorem 

In this section we study the analog for pure Anderson motives and abelian r-sheaves of the 
Poincare-Weil theorem. Originally, this theorem states that every abelian variety is semisimple, 
that is, isogenous to a product of simple abelian varieties, see jLanl Corollary of Theorem II. 1/6]. 
Unfortunately, we cannot expect a full analog of this statement for abelian r-sheaves or pure 
Anderson motives as our next example illustrates. On the positive side we show that every 
abelian r-sheaf or pure Anderson motive over a finite field becomes semisimple after a finite 
base field extension. 

Example 3.1. Let G = Pj,^, C \ {00} = SpecFg[i] and C := c*{l/t) G F/. We construct an 
abelian r-sheaf F_ over L = Fg with r = d = 2 which is not semisimple. Let 

A=0?) + (^^)-t 

with a,/3,7,(5 G Fg. To obtain characteristic c we need det A = (1 — CO^) thus we require 
the conditions a + 5 = —2C, and a5 — = C^. We set Fi := Oc^ii ■ 00)®^, we let LIi be 
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the natural inclusion, and we let u := A. Then ^ is an abelian r-sheaf with r = d = 2 and 
k = I = 1. The associated pure Anderson motive is M = (L[t]®^, A). 

We see that T is not simple. If A = (^~^* then T is semisimple as a direct sum of two 
simple abelian r-sheaves. Otherwise, if A 7^ {^ 0'^ i-c*) ^^i'^'^ the case for example if /3 7^ 0, 
consider 

A:= (4,;)-'.A^.-(,?^.;) = (v-' 

and the abelian r-sheaf with J^i = Oc]^{i ■ 00)®^ and fj = A which is isomorphic to There 
is an exact sequence 

> £ — ^ z £' > 

r' = l-Ct f T" = l-Ct 

with ip : 1 I— )• (q) and tp : {y)'-^y where = is the abelian r-sheaf with J^l = Oc^(« • 00) 

and r^' = 1 — (^t. If ^ were semisimple, then there would be a quasi-morphism u : — )• T_ 
with il) o ijj = idjr", hence w : y 1— )• (^) • y for some e E Thus, a necessary condition for 

the semisimphcity of T_ is 

(1 -a) -(n = (^\^\k^-{''T)--*^v) 

which is equivalent to the condition 

e-f7*(e) = . 
^ ' 1 - Ct 

But this cannot be true since e — (T*(e) = 0, thus T_ is not semisimple. However, this last formula 
is satisfied if e = A • for A E F^g with A'' — A = — 1. That means that after field extension 

Fg(A) /Fg we get F^F^®'^ and we have QEnd(Z) = M2(QEnd(^')) = ^2(Q)- Note that this 
phenomenon generally appears, and we will state and prove it in Theorem 13. 151 

From now on we fix a place v E Spec A which is different from the characteristic point e of 
c. For a morphism / E QHom(£, between two abelian r-sheaves F_ and F^ we denote its 
image V^f E HomQ^[G'] VyF^,) just by /„. If ^ is defined over F^ this applies in particular 
to the s-Frobenius endomorphism n oi F_ (Definition I2.24p . 

Let F_ be an abelian r-sheaf over the finite field L = Fg. We set 

E := QEnd(Z) 3 tt E, := EndQ„[G](KZ) 9 vr, 

F := Q[tt] cE F,:= im(Q,[G] ^ EndQ„(KZ)) C E, ^ ' ' 

with Qv[G] — )■ EndQ^iVvF) induced by the action of G on V^F. Clearly, we have F C E and 
Fy C Ey by Proposition I2.29y 3. Bv l2.151 we know that dimg E < 00. Thus vr is algebraic over 
Q. We denote its minimal polynomial by /ijr E Q[x], and the characteristic polynomial of the 
endomorphism vr^ of VyF by Xv £ Qy[x]. If e 7^ 00 Corollary 12.171 shows that vr is integral over 
A, E A[x]. The zeroes of tt in Spec^[7r] all lie above e because vr is an isomorphism locally 
at all u 7^ e; compare with Remark 11.331 

Due to the Tate conjecture, our situation can be represented by the following diagram where 
we want to fit the missing bottom right arrow with an isomorphism. 



V 



E E (g)Q Qy - — E, 

F ^ F 0Q Qy - - ^ Fy . 
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Lemma 3.2. The natural morphism between F (^q Qv and F^ is an isomorphism. 

Proof. Consider the isomorphism ^ : E (8)q = E^ C EndQ^{VvT) and set if := V'|f(»qQu- 
Then if is injective and maps into F^. Since im^j = (5i,[7rt,], the surjectivity follows from 
Proposition 1^^291 □ 

To evaluate the dimension of E we need the following notation. 

Definition 3.3. Let K be a field. Let f,g£ K[x] be two polynomials and let 

/ = n 9 = n ^"^''^ 

irred. irred. 

be their respective factorizations in powers of irreducible polynomials. Then we define the integer 

fKif^g) ■■= Jl m(/x) • n(/i) • deg/i . 

irred. 

Remark. In contrast to characteristic zero, we have for char(i^) 7^ in general different values 
of the integer rx for different ground fields K. Namely, if K G L then rxif,g) < fLif:9) with 
equality if and only if all irreducible ^ G K[x] which are contained both in / and in g have 
no multiple factors in L[x]. This is satisfied for example if the greatest common divisor of / 
and g has only separable irreducible factors, or if L is separable over K. See 13.291 below for an 
example where rxif^g) < riif^g). 

Before we discuss semisimplicity criteria in 13.81 - 13.161 let us compute the dimension of 
QHom(Z,Z')- 

Lemma 3.4. Let v be a place of Q different from e and 00. Let T_ and be abelian r-sheaves 
over ¥s and assume that vr^ and vr^ are semisimple. Factor their characteristic polynomials 
Xv = fJ'T^ ■ . . . ■ /i^" and x'v — IH^ ■ . . . ■ //JT" with distinct monic irreducible polynomials 
Hi, . . . , Hn S and nii, m[ G Nq. Then 

n 

L HomQ^[G'](KZ,K,Z') = ^M^'^^^,{Qv[x]/ifii)) as Qy -vector spaces, 

i=l 

n 

2. EndQ„[G](KZ) = ^Mm^{Qy[x\/{iii)) as -algebras, and 

i=l 

3. dimQ„HomQ„[G](KZ,K;Z') = 'rQ^{x 

Proof. Clearly 2 and 3 are consequences of 1 which we now prove. Since tt^ and vr^ are semi- 
simple, we have the following decomposition of (5t,[G]-modules 

n n 
i=l i=l 

where Qv[x]/{ni) =: Ki are fields. Obviously, we only have non-zero (5„[G]-morphisms Ki — )• 
Kj Hi = j, since otherwise /Uj(7r) 7^ in Kj. Since 7r„ operates on as multiplication by 

the scalar x, the lemma follows. □ 

Theorem 3.5. Let T_ and T[ be abelian r-sheaves of the same weight over and assume that 
the endomorphisms and 7r(, ofVyT_ and K>Z' o,''"^ semisimple at a place v ^ e,oo of Q. Let 
Xv o-nd x'v be their characteristic polynomials. Then 



dimQQHom(j;,Z') = rQ^{xv,Xv, 
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Proof. This follows from the lemma and the Tate conjecture, Theorem 12.201 □ 

Corollary 3.6. Let T_ he an abelian r-sheaf of rank r over with Frobenius endomorphism 
IT and let be the minimal polynomial of ir. Assume that F = Q[x]/{fiTr) is a field and set 
h := [F : Q] = deg fi^- Then 

2 2 

L h\r and dimg QEnd(^) = ^ and dimi;' QEnd(^) = j^. 

2. For any place v of Q different from e and oo we have QEnd(^) (8)q = Mr^f^{F (8)q Q^) 
and Xv = {/J'ttY^^ independent of v. 

Proof. Since F is a field, tt^ is semisimple by 13.81 below. So general facts of linear algebra 
imply that /Utt = • • • • • /Un with pairwise different irreducible monic polynomials f^i G Qv[x] 
and Xv = IJ-T^ ■ . . . ■ /i™" with > 1. We set Ki = Qv[x]/{fJ-i) and use the notation from 
(13. 6p . By Lemma [13] the semisimple Q^j-algebra Ey decomposes Ey = 0"=^ ^^^^ simple 
constituents Ei = Mmi{Ki). By [Boul Theoreme 5.3/1 and Proposition 5.4/12], Ei = Ey ■ ei 
where are the central idempotents with Ki = Fy-Ci. Thus there are epimorphisms of i^Tj-vector 
spaces 

QEnd(Z) (S)F Ki = Ey (g)F, Ki ^ Ei . 
This shows that m? < dimp E. So by Lemma 13.41 

n 

[F : Q]- dimiT E = dimg^ Ey = ^ deg m < 

i=l 

n 

< dim p E ■ deg fii = dimp E ■ deg n-j^ = [F : Q] ■ dimp E . 

i=l 

Therefore mj = dimi?£^ for all i. Since r = degXv = X^j^T-ideg^, = \/dimp E • [F : Q]. We 

2 

find r = ruih and dim^r E = j^, proving 1. For 2 we use that 

Ey ^ ^ M,/^{Qy[x]/{fi,)) = M,,/^{^Qy[x]/{fii)) = M./^, (Q, [x] / (/i^ ) • 

i i 

□ 

Next we investigate when 7r„ is semisimple. 

Remark 3.7. Notice that the completion Qy is separable over Q. Namely, in terms of [EGA! 
IV. 7. 8. 1-3], we can state that Oc,v is an excellent ring. Thus the formal fibers of Oc,v — > Oc,v 
and therefore Qy = Oc,v®Oc vQ — ^ Q geometrically regular. This means that Qy ®q K is 
regular for every finite field extension K over Q. Since "regular" implies "reduced" , we conclude 
that Qy is separable over Q. 

Proposition 3.8. In the notation of \3. 6]) the following statements are equivalent: 

1. TT is semisimple. 

2. F is semisimple. 

3. F Qy = Fy is semisimple. 

4. TTy is semisimple. 

5. E Qy = Ey is semisimple. 

6. E is semisimple. 
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Proof. 1. and 2. are equivalent by definition. So we show the equivalences from 2. to 6. 

Let F be semisimple. Since Qy is separable over Q, we conclude that -F (X>q Qv — QvIt^v] 
is semisimple by [Boui Corollaire 7.6/4]. Hence TTy is semisimple by definition, and we showed 
in Lemma l3.4| /2 that then = E ®q is semisimple. Again by \Bou\ Corollaire 7.6/4] this 
implies that E is semisimple. Since F C Z(E) is a finite dimensional Q-subalgebra of the center 
of E, we conclude by |Boul, Corollaire de Proposition 6.4/9] that F is semisimple, and our proof 
is complete. □ 

Remark. If more generally ^ is defined over a finitely generated field, then one cannot consider 
TT, TTt,, nor F. Nevertheless 5 and 6 remain equivalent and are still implied by 3 due to the 
following well-known lemma. Namely E^ is the commutant of F^ in EndQ^(K)£)- We thank O. 
Gabber for mentioning this fact to us and we include its proof for lack of reference. 

Lemma 3.9. Let B be a central simple algebra of finite dimension over a field K and let F be 
a semisimple K-subalgebra of B. Then the commutant of F in B is semisimple. 

Proof. Let F = • Fi be the decomposition into simple constituents and let Cj be the corre- 
sponding central idempotents, that is, Fi = Fci. Consider Bi = CiBci which is again central 
simple over K by [Bout Corollaire 6.4/4], since if / C i?j is a non-zero two sided ideal then 
BIB contains 1 and so / contains the unit of Bi. By [Bout Theoreme 10.2/2] the commutant 
Ei of Fi in Bi is simple. Clearly the commutant E oi F va. B satisfies Ei = CiEci = Eci and 
E = Ei proving the lemma. □ 

Corollary 3.10. Let T_ be an abelian T-sheaf over of rank r with semisimple Frobenius 
endomorphism n. Then the algebra F = Q[-k) is the center of the semisimple algebra E = 
QEnd(Z). 

Proof. Since F^ is semisimple, we know by [Bout Proposition 5.1/1] that the -F^-module VvT_ 
is semisimple. The commutant of Fy in Endg^, (V^^) is E^ by definition. Trivially is 
of finite type over Ey. Thus, by the theorem of bicommutation |Boul Corollaire 4.2/1], the 
commutant of E^ in End(VuZ) is again F^. We conclude Z{Ey) = Ey (1 F^ = F^ and we have 
F (8)Q Qv = Fy = Z{Ey) = Z{E) ®Q Qy by |Boul Corollaire de Proposition 1.2/3]. Considering 
the dimensions, we obtain dunqF = dimQZ(£'). Since F C Z[E) and the dimensions are 
finite, we finish hy F = Z{E). □ 

Theorem 3.11. Let T_ be an abelian r-sheaf over a finite field L. 

1. If QEnd(Z) is a division algebra over Q then T_ is simple. If in addition e ^ oo then both 
statements are equivalent. 

2. If the characteristic point e is different from oo then T_ is semisimple if and only if 
QEnd(Z) is semisimple. 

Proof. 1. Let QEnd(Z) = -E be a division algebra and let / G Hom(Z, Z') be the morphism 
onto a non-zero quotient sheaf of T. We show that / is an isomorphism. We know by 12.231 
that fy G ^omQ^[Qj{VyT,Vy^) is surjective. By the semisimplicity of E and Proposition 13.81 
Fy is semisimple, and therefore VyZi is a finitely generated semisimple F„-module. Thus we 
get a morphism g^ S iioinQ^[Qj{Vy^ ,Vy^) with fyogy= idy^jn. Consider the integral Tate 
modules TyT and TyT^. We can find some n G N such that 

v''gy£BomA^lG]{TyZ!,TyE) ^ Hom(M(Z'),M(Z)) ®A A 

and we choose g £ Hom(M(J^O, M(J^)) C QHom(Z',Z) with g = v'^gy modulo v'^ for a 
sufficiently large m > n. g o f = in E, then f o g o f = 0, and therefore / o = in 
QEnd(Z') due to the surjectivity of /. This would imply 

v^'-idy^^ = v^-ifyogy) = fyo{v'^gy) = fog = (modulo z;™) 
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which is a contradiction. Thus g o f ^ is invertible in E, and therefore / is injective. By 
that, / gives the desired isomorphism between ^ and The second assertion follows from 
Theorem [LlHl 

2. We already saw one direction in Theorem ll.58| /2. So let now QEnd(^) be semisimple and 
let 

m 

QEndiZ.) = ^ Mx^{E,) 
i=i 

be the decomposition into full matrix algebras Mx.{Ej) over division algebras Ej over Q {1 < 
j < m). For each j we find Xj distinct idempotents ej^i, . . . ,ej,Xj G M\.{Ej) such that ej^a ■ 

QEnd(^) • Cj^a = Ej for all 1 < a < \j with X]a=i = 1 in {Ej). Let ei, . . . , denote 
all these idempotents, n = YlY=i "^J ' choose a divisor D on C such that G Hom(£, 
for all 1 < i < n. Then Y17=i ~ ^^J^ QEnd(^) and therefore 

Z imei C EiD) . 

i=l 

The image := imej is an abelian r-sheaf by Proposition 11.261 because e ^ oo. Since Yli is 
injective it is an isogeny by 11.291 Since QEnd(Zj) = ej • QEnd(Z) • is a division algebra, T^ 
is a simple abelian r-sheaf by 1. Thus T ^ T_i © • • • ® gives the decomposition into a direct 
sum of simple abelian r-sheaves T_i as desired. □ 

Remark 3.12. Unfortunately the theorem fails if L is not finite, as Example 13.131 below shows. 
The reason is, that then Ey may still be semisimple while the image F^ of Qv[G\ in EndQ^(K)Z) 
is not. Nevertheless, if one adds the assumption that F^ is semisimple, the assertions of Theo- 
rem [3?ll] remain valid over an arbitrary field L. (See also the remark after Proposition 13.81 ) 

Example 3.13. We construct a pure Anderson motive M over a non- finite field L which is not 
semisimple, but has End(M) = A. Any associated abelian r-sheaf T_ has QEnd(£) = Q. Let 
C = Pp^, A = ¥q[t\ with q>2, and L = Fg(a) where a is transcendental over F,. Let M = Af^ 
and r = (°* *) . Then M = (M, r) is a pure Anderson motive of rank and dimension 2. Clearly 
M is not simple, since M' = {Al,t' = t) is a quotient motive by projecting onto the second 
coordinate. We will see below that M is not even semisimple. 
Let S M2{Al) be an endomorphism of M, that is, 

aa*e + a*g a(j*f + a*h\ / ae e + f 
a*g a*h J \ag g + h 

Choose /3 G Fg(Q)^'g \ ¥g{a) satisfying /J^-i = a (for (3 ^ ¥g{a) we use q > 2). Then a*g = ag 
implies g £ 13 ■ ¥q[t]. Since also g G Fg(a)[t] we must have g = 0. Now a*e = e and a*h = h 
yielding e,h e ¥q[t]. 

Let 7 e Fg(Q)^is \ Fg(/3) with 7^ - 7 = /3 and set / := /3/ - 7 • (e - /i). Then atr*/ - / = 
e - cT*/i = e - /i implies a* f - f = /3V*/ - /3/ - (7^ - 7)(e - /i) = /3(afT*/ - f - {e - h)) = 0. 
Thus / G Fg[t] and 7 • (e - /i) G Fg(/3)[t]. So we must have e = /i and then I3f = f £ ¥q[t] 
implies / = 0. This shows that End(M) = ¥q[t] = A. 

The same argument shows that M is not even semisimple. Namely, the projection M — )• M' 
has no section M' — )• M, 1 1— )• (■[), since there is no solution / for the equation ata* f + t = tf. 

It is also not hard to compute Fy for instance at the place v = (t — 1). Let z = t — 1 and 
P G L'^'P with /3«-^ = a, and consider the basis {^(f), (^ of the Tate module r„(M) with 

H=EM^' and x„y,GL-P, 
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They are subject to the equations y = ta*y = {l+z)(j*y and x = ata* x+tcr*y = a{l + z)a* x+y, 
that is, 

Vi - Vi = Vi-i ' 
Xi - axf = axl_^ + yi . 

There are elements 7 and 5 oi G = Gal(L'^'^P/L) operating as 7(2/4) = yi, ^{xi) = Xj, 7(/3) = P/rj 
for an G F^^ \ {1}, respectively as 6{yi) = yi, S{I3) = (5, 6{xi) = Xi + yi/(3. With respect 
to our basis of T,(M) they correspond to matrices 7^ — (01) ^^d. 5^ — (q J). We conclude 
that Fy is the Q^-algebra of upper triangular matrices. Its commutant in M2{Qv) equals 
Q„ • Ids ^ End(M) ®A Qv 

Remark. \i q = 2 any pure Anderson motive of rank rkM = 2 on ^ = Fg[t], which is not 
semisimple has End(M) D A. One easily sees this by choosing a basis of M for which r has the 
form p{i1qy^ with a, 13,6 £ L. Then ^j] '^q") endomorphism. 

However, we expect that also for q = 2 there are examples similar to 13.131 (of rkM > 3), 
although we have not tried to find one. 

Let ^ be an abelian r-sheaf over and let F^'/F^ be a finite field extension. The base 
extension 

Z ^F, Fs' := {J^i (^Oc^ , 77i 1, Ti 1) 

is an abelian r-sheaf over F^/ with vr' = (vriS' 1)* for s' = s*, and we have a canonical isomorphism 
between VyT and V^Z^ . 

For the next result recall that an endomorphism 93 of a finite dimensional vector space V over 
a field K is called absolutely semisimple if for every field extension K' /K the endomorphism 
(8) 1 G Endi^'(y <^K K') is semisimple. The following characterization is taken from |Bou|. 
Proposition 9.2/4 and Proposition 9.2/5]. 

Lemma 3.14. Let K he a field and let V he a finite dimensional K -vector space. Let (p G 
FjTi(1k{V) he an endomorphism. 

1. ip is ahsolutely semisimple, if and only if there exists a perfect field extension K' /K such 
that (/3 ® 1 G Endii-'(y ®k K') is semisimple. 

2. ip is absolutely semisimple, if and only if its minimal polynomial is separable. 



Theorem 3.15. Let T_ he an ahelian r-sheaf over the finite field Wg. Then there exists a finite 
field extension Fgi /F^ whose degree is a power of char F^ such that T_ ^ s' has an absolutely 
semisimple Frohenius endomorphism. Thus if moreover e ^ 00 then T_ (E>Fs ^ s' is semisimple. 

Remark. It suffices to take [F^' : Fg] as the smallest power of charF^ which is > rk^. 

Proof. Let s' = s* for some arbitrary t G N. Let := T_ &' be the abelian r-sheaf 
over '¥ gi induced by T_. Let v G Spec^ be a place different from e. Over Q^^^ we can write 
TTt, G EndQ„(l^Z) in Jordan normal form 



/ Ai * 
A2 

V 



\ 



K ) 
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for B e GLriQv^^) and for some Xj € Q^^^, I < j <r. Thus, by a suitable choice of t e N as 
a power of charFg (as in the remark), we can achieve that vr^ = {iTy 1)* is of the form 

A* \ 

A* 

A* / 

Since Qv'^^^ is perfect, we conclude bv l3.14| /l that vr^, and thus vr' is absolutely semisimple. □ 

The following corollary illustrates that, in contrast to endomorphisms of vector spaces, there 
is no need of the term "absolutely semisimple" for abelian r-sheaves or pure Anderson motives 
over finite fields. 

Corollary 3.16. Let T_ he an abelian t -sheaf over of characteristic different from oo. If T_ 
is semisimple, then ^®Ws '^s' semisimple for every finite field extension F^z/F^. The same is 
true for pure Anderson motives. 

Proof. Let T_ be semisimple and let F^z/F^ be a finite field extension with s' = s*. We set 
£ ■= T_ Of. Fs'. By WX\\ and ESI we know that QEnd(Z) ®q Qy ^ EndQ^[^„](KZ) is 
semisimple. Since (5„[7r* ] C (5„[7r„] we conclude by [Bou^ Corollaire de Proposition 6.4/9] that 
(5^[7r* ] is semisimple, as well. As VyT^ = VyT, we have vr^ = vr* , and therefore tt^ is semisimple. 
Thus, bv 13.81 QEnd(^') is semisimple and ^ is semisimple bv l3.11|/ 2. □ 



B 



B 



3.2 Zeta Functions and Reduced Norms 

In this section we generalize Gekeler's results [Gek] on Zeta functions for Drinfeld modules 
to pure Anderson motives. But let us begin by recalling a few facts about reduced norms; 
see for instance |Reil §9]. Let M be a semisimple pure Anderson motive over a finite field 
and let vr be its Frobenius endomorphism. Then F = Q{tt) is the center of the semisimple 
algebra E by Corollary 13.101 Write F = 0^ Fi and E = 0,- Ei where the Fi are fields and 
Ei is central simple over F^. Note that by 13.111 the pure Anderson motive M decomposes 
correspondingly up to isogeny M ^ 0j Mj with E^ = End(Mj) (g)^ Q. We applv [3T6l to Mj and 
obtain X^J-Ej : FjJ^/^ ■ [Fi : Q] = r. Let f £ E and write it as / = fi with fi £ Ei. Choose 
for each i a splitting field Ki of Ei with ctj : Ei®p. Ki Mn-{Ki) where nf = [Ei : Fi\. The 
reduced norm of f is then defined by 

N{f) ■■= nrE/Qif) := J] ^F./Q (det 1)) , 

i 

where Np.jq is the usual field norm. The reduced norm is an element of Q which is independent 
of the choices of Ki and aj. It satisfies N{a) = for all a £ Q, and A^(/) 7^ if and only if 
f £ E^ , that is, / is a quasi-isogeny. If / G End(M) or more generally / is contained in a finite 
74-algebra then N{f) £ A since A is normal. 

Theorem 3.17. LetT_ he a semisimple abelian t- sheaf over a finite field L and let f £ QEnd(^) 
he a quasi-isogeny. Then for any place v ^ e,oo of Q we have N(f) = detVyf, the determinant 
of the endomorphism Vyf £ FindQ^{VyQ. For v = 00 e we have N{f y = det VJ^o/, where I 
comes from Definition \2.13\ and satisfies dimg,^ = / • rk^. 
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Proof. Clearly, if t is a power of q then N{f ) = detVvf implies A^(/) = detVvf since 1 is 
the only t-th. root of unity in Qy for v ^ oo, and likewise for v = oo. Writing V^f in Jordan 
canonical form over Qv^^ we find as in the proof of Theorem 13.151 a power t of q such that V^f^ 
is absolutely semisimple over and hence its minimal polynomial is separable bv l3.14[ Then 
Fvif*) and F{f^) are semisimple by [Bout Proposition 9.1/1 and Corollaire 7.7/4]. We now 
replace / by /* and thus assume that F(f) is semisimple. 

As is well known there is a semisimple commutative subalgebra H = Hi of E containing 
F{f) with dim Fi Hi = rii and hence diuiQ H = r. Then nr^/Qif) equals the determinant 
of the Q-endomorphism f : x ^ fx of H. The reason for this is that Hi Ki is still 
semisimple and commutative if we choose a splitting field Ki which is separable over Fi. By 
Lemma 13.181 below Hi (SiPi Ki is isomorphic to K^' as left Hi 0^?. iCj-modules, and this implies 
that nrp-/p.{fi) = detaj(/j) = det fi, the determinant of the Fj-endomorphism fi: x^ fiX of 
Hi, and N{f) = det / the determinant of the Q-endomorphism / of H. 

If f 7^ oo then again by Lemma 13.181 Hy is i?t,-isomorphic to VyT^ and N{f) = det / = 
detVyf. 

If z; = oo we embed E®^ into EndQ^^[^] (iVoo(Z)) • Namely, if (/W, G E®', 
where /(™) = (/^""^ : J", 0Oc^ Qoo,L J^i ®Oc^ Qoo,l), we set 



9ij 



i7i_i o ...oHjO ff if < j < i < Z - 1 

z^Tiri o . . . o 777_\ o if < i < i < / - 1 . 



Then gij : Fj ®Oc,^ Qoo,L — ^ J^i ®Oc^ Qoo,L and a straightforward computation shows that 
the homomorphism g = {gij)ij=Q...i~i commutes with (p from (II. 2p on page \TT\ that is, g 
is an element of Endg^ ^[^^j (iVoo(Z!)) = ^^'^QaolG]{^oo^)', use Proposition 12.41 Now we apply 
LemmaEISto H®^ C E®^ C E.ndQ^{Voo£), and we compute iV(/)' = (det /)' = detg^ {H®^ 
H®}, fh) = det Voof as desired. □ 



Lemma 3.18. Let K be a field and let H C Mn{K) be a semisimple commutative K-algebra 
with dimx H = n. Then as a (left) module over itself H is isomorphic to K"^. 

Proof. Decomposing H into a direct sum of fields 0^ and K"" into a direct sum 0^ Vx of 
simple //-modules, each V\ is isomorphic to an L^f^x)- The injectivity of -ff — )• Mn{K) and 
diuiK H = n imply that H is isomorphic to 0;)^ End^^^^j (Va) and a fortiori isomorphic as left 
module over itself to K^. □ 

Theorem 3.19. Let M be a semisimple pure Anderson motive of rank r over a finite field L 
and let f £ End(M) be an isogeny. Then 

1. dim.L coker N{f ) = r ■ dim^ coker /. 

2. The ideal deg(/) = N{f) ■ A is principal and has a canonical generator. 

3. There exists a canonical dual isogeny f^ £ End(M) satisfying / o = N{f) = o /• 

Remark. 1. This shows that A^(l — vr") G A is the analog for pure Anderson motives of the 
number of rational points X(¥qn) = deg(l — Frob^) G Z on an abelian variety X over the finite 
field Fq] see also Theorem 13.231 below. 

2. The dual isogeny satisfies (fg)"^ = g^ f^ , because N{fg) = N{f)N{g). Note however, 
that we cannot expect that {f + g)^ = f^ + g'^ unless r = 2 because for / = a G ^ we have 
N{a) = and = a"'^ . 

Proof. 1. Clearly for any a £ A we have dim/-, M /aM = r ■ dim^^ ^/i'^) = ~^ " oo(a) where 
oo(a) denotes the oo-adic valuation of a. Now let T be an abelian r-sheaf with M = M{F), 
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and let / : ^ — 7- ^{n ■ oo) for some n be the isogeny induced by /. Using Theorem 13.171 we 
compute the dimension 

/ • dim^ coker / = nrl - dimi 0'=o(-^i(^ " °o)//i(-^i))oo 

= nrl - dimiMoo(Z(n-oo))/Mo,(/)(Moo(Z)) 

= nrl - diniF^ [T^Fin ■ oo)/Too/(TooZ)) 

= -oo(detyoo/) = -/•oo(7V(/)). 

Here the first equality follows from the identities Fj{n ■ co) / fj{Fj) = {J^j{n ■ oo)//j(J-'j))^ © 
coker / and dimi(j"j(n • oo)//j(J-"j)) = degj-'j(n • oo) — degfj{Tj) = nr. The second equality 
is the definition of Moo, and the third follows from the isomorphism MooiZl) ^A^o l ^oo,ls<=p — 
TooZ^'^Aac ^oo,Lsop- The fourth equality follows from the elementary divisor theorem. From this 
we obtain 1. 

2. Let V ^ e he a maximal ideal of A. Using Theorem 13. 171 we compute the u-adic valuation of 

Nif) 

viNif)) = v{detnf) = dimF„(r,M/r,/(r,M)) = dimF„ ((coker /)„®lL^^p)" = ?;(deg/). 

Again the second equality follows from the elementary divisor theorem, the third equality comes 
from the fact that the r-invariants of the w-primary part (coker l L^^^ are isomorphic to 
TvM/Tyf{TyM), and the last equality is the definition of deg/. From 1 and Lemma 11.361 we 
obtain 

r ■ dimp^ A/ deg(/) = r ■ dim^, coker / = dim/, coker N{f) 

= dimL{{A/N{f)Y (^f^ L) = r-dim^^A/N{f). 

From the identity dimp. A/ a = ^^[^v ■ ^q] • v{a) for any ideal a C A we conclude e(deg/) = 
e(iV(/)) and therefore deg(/) = iV(/) • A. 

Finally 3 is immediate since A^(/) annihilates coker / by Proposition 11.371 □ 

Remark 3.20. We do not know of a proof of 1 and 2 for arbitrary pure Anderson motives which 
does not make use of the associated abelian r-sheaf In the special case when M comes from 
a Drinfeld module, Gekeler |Gekl Lemma 3.1] argued that both sides of the equation in 2 are 
extensions to E of the oo-adic valuation on Q. But this argument fails in general, since there 
may be more than one such extension as one sees from Example 13.301 below. 

Corollary 3.21. Let M be a semisimple pure Anderson motive of dimension d over a finite 
field L and let ir be its Frobenius endomorphism. Let v ^ e be a maximal ideal of A and let Xv 
be the characteristic polynomial of vr^ . Then 

L Xv ^ A[x] is independent of v and Xv{cl) • A = det Vy{a — ir) • A = deg(a — vr) for every 
a £ A, 

2_ ^d-[L:¥,] ^ deg(7r) = xv{0) ■ A = N{7r) • A is principal. 

Proof. 1 is a direct consequence of Theorems 13.171 and 13.191 and the Lagrange interpolation 
theorem applied to the fact that XviO') = N(a — vr) = Xwict) G A for all a € A. 
2 follows from the fact that coker vr is supported on e and from the equation dim^, coker vr = 
[L : ¥q] ■ diuiL coker T = d-[L:¥q]. □ 
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Definition 3.22. We define the Zeta function of a pure Anderson motive M over a finite field 
¥s as 

ZM{t) := n det(l-tA*7r,)(-i)'+' 

0<i<r 

where e 7^ v G Specj4 is a maximal ideal and AV^, G Endg^ (A*K,M). 

By I3.21|/ l the Zeta function ZM{t) is independent of the place v and lies in Q{t). This also 
follows from work of Bockle |Boe] and Gardeyn |Garl §7]. The name "Zeta function" is justified 
by the following theorem (see also the remark after Theorem 13. 19|) . 

Theorem 3.23. If M is semisimple and "^^aif is the power series expansion of t-^log ZM{t) , 
then m = N{1 - vr*) G A. 

Proof. By standard arguments Oi = det(l — tt*); see \Gek\ Lemma 5.6]. Now our assertion 
follows from Theorem 13.171 □ 

This Zeta function satisfies the Riemann hypothesis: 

Theorem 3.24. In an algebraic closure of Q^o all eigenvalues 0/ AV^ G End^,. (A^Vi,M) have 
the same absolute value (#Fs)*™*(-). 

Proof. This was proved by Goss |Gosl Theorem 5.6.10] for i = 1 and follows for the remaining 
i by general arguments of linear algebra. □ 



3.3 A Quasi-Isogeny Criterion 

Similarly to the theory for abelian varieties, the characteristic polynomials of the Probenius 
endomorphisms on the associated Tate modules play an important role for the study of abelian 
r-sheaves. For example, we can decide on quasi-isogeny of two abelian r-sheaves T_ and just 
by considering these characteristic polynomials. 

Theorem 3.25. Let T_ and T[ he abelian r-sheaves over ¥g with respective Frobenius endo- 
morphisms TT and it' , and let ^Utt and /i^r' be their minimal polynomials over Q. Let v £ C be a 
place different from 00 and e. Let Xv and x'v characteristic polynomials of vr^ and n'^, 

respectively, and let G := Gal(L^'^P/L). Assume in addition that e 7^ 00, or that T_ and T[ have 
the same weight. 

1. Consider the following statements: 

1.1. T[ is quasi-isogenous to an abelian quotient r-sheaf of T_. 

1.2. V^T[ is G-isomorphic to a G-quotient space of V„T_. 

1.3. x'v divides Xv in Qy[x]. 

1.4- H-k' divides /i^ in Q[x\ and ikT^ < rk^ 

We have 1.1 =^ 1.2 =^ 1.3 and I.4 always, 

1.2 ^ 1.3 if T^v and iTy are semisimple, 

1.2 <^ 1.3 <^ 1.4 if IL-TT is irreducible in Q[x], 
1.1 1.2 if the characteristic is different from 00 . 

2. Consider the following statements: 

2.1. T_ and are quasi-isogenous. 

2.2. VvT and VvT^ are G-isomorphic. 

2.3. Xv = ylv 
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2.4- fJ-n = fJ-w' o-nd rk^ = rk^'. 

2.5. There is an isomorphism of Q- algebras QEnd(^) = QEnd(£') mapping vr to it'. 

2.6. There is a -isomorphism QEnd(£) <^q Qy = QEnd(^') 0q Qy mapping vr^, to tt^. 

2.7. If e ^ oo also consider the statement Z^^nj:-^ = Z^j^^jn^ . 

We have 2.1 2.2 => 2.3 , 2.4 , 2.5 always, 

2.5 ^ 2.6 always, 

2.3 2.7 if the characteristic is different from oo, 

2.2 ^ 2.3 <^ 2.6 if TTv and iTy are semisimple, 

2.2 <^ 2.3 <^ 2.4 2.6 if fJ-TT and fi-^' are irreducible in Q[x]. 

Proof. 1. For the implication 1.1 =^ 1.2 without loss of generality, ^ can itself be considered as 
abelian quotient r-sheaf of ^ and the implication follows from Proposition l2.23l The implication 
1.2 =^ 1.3 is obvious. 

For 1.2 =^ 1.4 note that /ijr is also the minimal polynomial of tt^ over by Lemma |3.2[ By 
Proposition 12.291 statement 1.2 implies fJ^niT^'v) = 0, whence 1.4. 

For 1.3 =^ 1.2 let -Ky and vr^, be semisimple. Let Xt; = /^i " • • • " /^n and x'y = l^'i' ■ ■ ■ ' f^'n' be the 
factorization in Qy[x] into irreducible factors and set Vi := Qv[x]/{m) and V- := Qy[x]/{^'^. 
Then we can decompose Vy^ = Vi © • • • © 1^ and VyT^ = © • • • © V^,. Since x'v divides Xv, we 
can now easily construct a surjective G-morphism from VyZl onto Vy^ which gives the desired 
result. 

Next if is irreducible, 1.4 implies ^u^/ = fij^ and 1.3 follows from Corollarv 13.61 It further 
follows from Proposition 13.81 that vr^ and ir'^ are semisimple and this implies 1.2 by the above. 

For 1.2 =^ 1.1 we first do not assume that e ^ 00. Let fy : VyT_ — VyT^ be a surjective 
morphism of G]-modules. We may multiply fy by a suitable power of v to get a morphism 
fy : TyT_ —7- TyT[ of thc integral Tate modules which is not necessarily surjective, but satisfies 
v'^TyT^ C fv{TyF) for a sufficiently large n. Let M := {T{Cl \ {oo},7"o)) -^o" ° t)- This is a 
"r- module on A" in the sense of Definition 11.201 If e ^ cxd then M is the pure Anderson motive 
M{T) associated with £ in ([H]). Also let M' := {T{Cl\{oo},J='^), Wq-^ot'). By Theorem EH 
(or Theorem [2.191 if e / 00), fy lies inside Hom(M,M') ©^ A y, SO we can approximate fy by 
some / E Hom(M,M') with Ty{f) = fy modulo v'^+^TyM'. Since v"TyM' C fy{TyM) we find 
inside imTt,(/) generators of v^TyM' /v'^'^^TyM' . They generate an A^-submodule of v"'TyM' 
whose rank must at least be r' since v'^TyM' /v"'+^TyM' ^ {Ay/vAyY'. Thus imT^(/) has 
rank r' . Either by assumption or by Corollary 11.231 if e 7^ 00, both £ and have the same 
weight. So by Proposition 1 1 .48]/ 1 . / comes from a quasi-morphism / E QHom(^, ^'), that is, a 
morphism / : £ — ^ Z!.{D) for a suitable divisor D. Now we finally assume that the characteristic 
is different from 00. By Proposition 11.261 the image im(/ : ^ — )• £'(-D)) is an abelian factor 
r-sheaf oi F_ and im/ — )■ F^{D) is an injective morphism between abelian r-sheaves of the same 
rank and weight, hence an isogeny by Proposition 11.29] 

2. A large part of 2 follows from 1. We prove the rest. To show 2.2 ^ 2.1 without the 
hypothesis on the characteristic, we just replace the last argument of the proof of 1.2 =^ 1.1 by 
the following: Since r = dimg^ VyF_ = dimg^ VyT^ = r', the morphism ^(D) is an 

injective morphism between abelian r-sheaves of the same rank and weight, hence an isogeny 
by Proposition 11.291 

For the imphcation 2.1 =^ 2.5 let g E QIsog(Z,Z')- Then the map QEnd(J:) QEnd(Z') 
sending / 1— )• gfg~^ is an isomorphism with vr' = girg^^. The implication 2.5 =^ 2.6 is obvious. 

For the implication 2.3 =^ 2.7 note that knowledge of Xv yields the knowledge of det(l — 
t A* TTy) and thus of Zj[,f(^jr^ by linear algebra. Conversely we know from Theorem 13.241 that all 
zeroes of det(l — t A* vr^) have absolute value in an algebraic closure of Qoo- So we can 

recover Xv from Zj[f(^jr^ by simply looking at this absolute value. This proves 2.3 <^ 2.7. 
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Next if TTy and tt^ are semisimple 2.6 =^ 2.3 follows from Lemma l3.4| /2. and 2.3 =^ 2.2 was 
already established in 1. 

Finally if /ijr and /z^/ are irreducible, 2.4 follows from 2.6 by Corollary 13.61 since is also 
the minimal polynomial of tt^ over by Lemma [3. 2 i Also 2.3 follows from 2.4 by Corollarv l3.6l 
and TTy and tt^ are semisimple, so 2.3 =^ 2.2 by the above. □ 



3.4 The quasi-endomorphism ring 

In this section we study the structure of QEnd(^) for a semisimple abelian r-sheaf ^ over a 
finite field and calculate the local Hasse invariants of QEnd(^) as a central simple algebra over 
Q{tt). For a detailed introduction to central simple algebras, Hasse invariants and the Brauer 
group, we refer to fReil, Ch. 7, §§28~31]. 

Theorem 3.26. Let T_ he an abelian r-sheaf over the finite field Yg of rank r with semisimple 
Frobenius endomorphism tt, that is, Q{tt) is semisimple. Let v ^ C be a place different from oo 
and from the characteristic point e. Let Xv be the characteristic polynomial of vr^. 

1. The algebra F = Q{'k) is the center of the semisimple algebra E = QEnd(^). 

2. We have r < [E : Q] = rQ^{xv,Xv) < ■ 

3. Consider the following statements: 

Hi. E = F. 

\^2. E is commutative. 

mS. [F:Q]=r. 

m4- [E:Q\=r. 

5. Xv has no multiple factor in Qy[x]. 

\^6. Xv is separable. 

We have Hi 4^ 0^ <^ [35 <^ 0^ <^ [35 ^ 06 always, 

05 =^> 0(? if T^y is absolutely semisimple. 

4. Consider the following statements: 

F = Q. 

\^2. E is a central simple algebra over Q. 
[35. [E:Q]=r\ 

\^4- Xv is the r-th power of a linear polynomial in Qy[x]. 
[7} 5. Xv is purely inseparable. 

We have -^1^2 -^\^3 ^\^4 ^\^5 always, 

\^4 ^0"^ if '^v is absolutely semisimple. 
If\^2 holds and moreover the characteristic point e := c(SpecFs) G Cf^ is different from 

CO, E is characterized by vcWooE = wt(£), inv^ = — wt(£) and uw^E = for any 
other place w G C. 

5. In general the local Hasse invariants of E at the places v of F equal inv^ E = — •^(Tr). 
In particular 

mwy E = [ ^ if v\eoo, 

'" \ wt(^) • [Fy : Qoo] if v\oo and e ^ 00 . 

(Here F^ denotes the completion of F at the place v and is the residue field of the place 

V.) 
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Remark 3.27. If e ^ cx) and £ is an elliptic sheaf, that is, d = 1 and M(T) is the Anderson 
motive of a Drinfeld module, Gekeler [Gekl Theorem 2.9] has shown that there is exactly one 
place V of F above e, and exactly one place w oi F above oo, and that inv^ E = [F : Q]- wt(^) 
and invt, E = —[F : Q]-wt (^) . Note that Gekeler actually computes the Hasse invariants of the 
endomorphism algebra of the Drinfeld module. So his invariants differ from ours by a minus 
sign, since passing from Drinfeld modules to abelian r-sheaves is a contravariant functor, see 
[BSl Theorem 3.2.1]. 

Corollary 3.28. Let T_ be an abelian r-sheaf over the smallest possible field L = ¥q such that 
QEnd(^) is a division algebra. Then QEnd(^) is commutative and equals Q{tt). 

Proof. QEnd(^) is a central division algebra over F by Theorem 13.261 which splits at all places 
of F bv l3.26|4 ^ hence equals F. □ 

Proof {of Theorem \3.26\ ). [T]was already proved in Corollary 13.101 
[21 Let 

n 

xv = Y{ ^ Qv[x] 

i=l 

with distinct irreducible fii G Qv[x] and mj > for 1 < i < n. Then J27=i ' "^^S ~ 
degXt; = ^1 and by Theorem 13.51 we have [E : Q] = rQ^{xvi Xv) = J2i=i ' deg/Uj. The result 
now follows from the obvious inequalities 

n (1) " (2) / " \ ^ 

r = ^rui ■ degfii < ■ degfii < i^mi-degfiij = . (3.7) 

i=l 1=1 \i=l / 

El Since F = Z{E), the equivalence El 1 4^r3l2 is evident. We have equality in (1) of Equation 
()3.7p if and only if rrij = 1 for all 1 < z < s which establishes the equivalence El 4 4^r3l5. In order 
to prove El5 =>r3l3 we consider the minimal polynomial of vr^ over Qy. If Xv has no multiple 
factor, then fj,^ = Xv and therefore [F : Q] = [QviTTy] ■ Qv] = f. Next El 3 =>r3ll because 
FcEand (dimQ„ F„)(dimQ„ E^) = dimg^ EndQ„(KZ) = by [HHul Theoreme 10.2/2], since 
Ey is the commutant of F^j in EndQ^{VyT). Note thatEl3 =>r3ll also follows from Lemma EHEl 
Conversely Ell =^4 because E = F implies r > [Qv{TTy) : Qv] = [F : Q] = [E : Q] > r. For 
El5 =>r3l6 we use Lemma r3.14|/ 2 as we know that Xv = fJ-v El6 =>r3l5 is clear. 

m If F = Q, then E is simple with center Q, so S is a central simple algebra over Q. Since 
F = Z{E), the converse is obvious. This shows Hll 4^ril2. We have equality in (2) of (j3.7p if 
and only if n = 1, degfii = 1 and rui = r which establishes [H 3 4^r4l4. In order to connect 
mi 4^r^2 with[3l3 4^r^4 let Xv be a power of a linear polynomial. By |Bou[ Proposition 9.1/1] 
the minimal polynomial of vTt, over Qy is linear and thus F = Q. The converse is trivial. For 
1115 ^{314 we use again [3T^ 2 to see that fiy is linear. |3l4 =>ril5 is clear. 

The statement about the Hasse invariants follows fromO Nevertheless, we give a separate 
proof in case {k, I) = 1 using Tate modules, since this is much shorter here and exhibits a different 
technique than[5l By the Tate coniecture l2.201 E^qQ^ is isomorphic to Endg^ (Vv^) — Mr{Qv) 
for all places v & C which are different from e and oo, so the Hasse invariants of E at these 
places are 0. Since the sum of all Hasse invariants is (modulo 1), we only need to calculate 
invoo E. 

As a first step, we show that F^; is contained in F^. In our situation, vr lies inside Q. Thus, 
bv 13.241 we get s'^/' = | tt |oo = 9™ for some m G Z as | |oo = q'^- Since q^ = s, we conclude 
that e - k/l = m ^ Wj and hence / | e, since k and / are assumed to be relatively prime. Therefore 

C Fge = F,. 
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Consider the rational Tate module Voo{Z^) at oo and the isomorphism of Qoo-algebras 
E(^qQ^^ EndA^[G](^ooZ) = EndA^(FooZ) 
from Theorem 12.201 Since dim^^ Aqo = l'^ and dimg,^ VoqT = rl, we conclude that V^o^ is a 

r/l 

left r //-dimensional Aoo-vector space and hence isomorphic to Aq^ . Thus we have 
E<i^QQoo = EndA^(A^') = M,/,(EndA^(Aoo)) = M./^A^) . 

Our proof now completes by invoo E = inv A^ = — inv Aqo = j = ■wt(£) . 

m We prove the general case using local (iso-)shtukas rather than Tate modules which were used 
in[31 Our method is inspired by Milne's and Waterhouse' computation for abelian varieties [WMl 
Theorem 8]. However in the function field case this method can be used to calculate the Hasse 
invariant at all places, whereas in the number field case it applies only to the place which equals 
the characteristic of the ground field. Let w he a place of Q and let '■= Nwi^ be the local 
c7-isoshtuka of ^ at w. Let be the residue field of w and F^/ = F^ n F^ the intersection 
inside an algebraic closure of Fg. Let Oq be the ideal — 1(8)6:6g F^/) of Qw 

and let R := {Qw ®Wq ]F's/ao)[T] = Qyj 0f ^ F^fT] be the non-commutative polynomial ring 

with T ■ {a (E) b) = (o 6'^^ ) • T for a G Qw and 5 G F^. Since Q^i (^f , '^s is a field, i? is a 
non-commutative principal ideal domain as studied by Jacobson jJac( Chapter 3]. Its center is 
the commutative polynomial ring Qw[T^] where 5 = [F^ : F^/] = j. From Theorem 12.61 and 
Proposition 12.51 we get isomorphisms 

QEnd(Z)®QQ«, = EndQ„^,^F.M(iY^) = End^CiV^/ooiV^) 

where T operates on N^/aoNw as (j)^ . 

By [Jacl Theorem 3.19] the i?-module iV^/aoiVu; decomposes into a finite direct sum indexed 
by some set / 

NjaoN^ = ^N®^" (3.8) 

of indecomposable i?- modules with ^ N^i for v ^ v' . The annihilator of Ny is a two 
sided ideal of R generated by a central element G Qw[T^] by fJact. §3.6], which can be chosen 
to be monic. In particular ()3.8p is an isomorphism of Q^[r^]-modules and ^„ is the minimal 
polynomial of T^ on iV^ by [Jacl Lemma 3.1]. Therefore the least common multiple /x of the 
is the minimal polynomial of T^ on iV^/aoiV^„. Note that T^ operates on Nw/a^N^ as 
the Frobenius tt, hence /i = mipoT^\jr and F = Q{tt) = (5[T^]/(/i), where we write mipo for 
the minimal polynomial. By the semisimplicity of vr (and Proposition 13. 8p ^ has no multiple 
factors in Qyj\T^]. Since the /i^, are powers of irreducible polynomials by [Jac^ Theorem 3.20] we 
conclude that all ji^ are themselves irreducible in Qw^F^]- Again [Jac' Theorem 3.20] implies 
that 7^ iiyi since Ny ^ N^i and 

^ = mipo^\^ = Y\^^^v inside Qw[T^]- 

Thus F^qQ^ = Q^[T9]/{^i) = n^e^ Q«,[T9]/(/i^) = n^,^ F^. So / is the set of places of F 
dividing w and F^ = Qw[T^]/{ij-v) is the completion of F at v, justifying our notation. Let iTy 
be the image of vr in F^. Its minimal polynomial over Q^, is fj.^. This implies that E Q^, 
decomposes further 

^®qQ«, = 0Endij(iV®™'') = ^E^pFy 
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and E^pFy^ Endi?(iV®'^"). 

Now fix a place v above w and consider tlie diagram of field extensions 




¥gf = n F, = n (F„ n F, 
1/ 



Let h := [F^ n F^ : F^/] = gcd([F^ : F^/], 5). Let i := [F^ : F^/]. From the formulas 

[F^F, :F^] = [¥s:¥gf] = g, 

[F^(F,nF,) :F^] = [F,nF, :F,/] = h, 

[F^F, : (F^F, n F^)] = [F^F, : F„] = [F, : F^ n F,] 

F^(F„nF,) C F^F,nF„, 



9 

hi 



and 



we obtain F^F, n F^ = F^(F^ n F^ 



F, 



,fhi . 



Let Fy^L be the compositum of 



F, and F„ 



in an algebraic closure of Qw Note that F^^l is well defined since F^/F^/ is Galois. Let Fy^L\T'] 
be the non-commutative polynomial ring with 



r'-(a(»6) = (a®6«^'")-r' and T'-x = x-T' 

for a G 5 G F,, and x G and set = F^^l[T']/ {{T')9l^ - vr^). Observe that the 
commutation rules of T' are well defined since {Qw ®¥ , ¥s) n Fy has residue field F^F^ n F^, = 



F. 



fhi 



and is unramified over Qw, because 



unramified of degree [F^F, : F^] = f and T := {T 



¥s is. Moreover, the extension F^^l/F^ is 
i"^Wv--^q\/ fht -g -^.g ppobenius automorphism. 



Since T^/^ = vrjf-i^^l//'* in A,„ our A„ is just the cyclic algebra T, ^jf"^^']/^'') and has 



Hasse invariant 



[F„:Fq 



^(vr^); compare [Rei, p. 266]. We relate A^, to E^pFy. Firstly by [Jacl 



Theorem 3.20] there exists a positive integer u such that ^V®" = R/ Rjiy{T9). Therefore 

M^{E®fF,) ^ M^{E.ndR{N®'^-)) = EndijCiV®""") = Mn^{{R/ RiJi,{T9)f^) . 

Secondly we choose integers m and n with m > and mi+ng = 1. We claim that the morphism 
R/Rliy(T9) Mh{A^), which maps 



a0b t 



\ 



\ 



f(h-l) 



and 



7r„ 



/ 0... 



1 

0/ 



for a G Qw and b G F^, is an isomorphism of F^-algebras. It is well defined since it maps 
T-{a(g)b) and {a (g) b^^ ) ■ T to the same element because (T')"" = (T')^/* in Gsil{F^^L/F^), and it 
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maps T9 = {T^)9/h to 7r"^(r')™5/'' • Id^ = vr^, • Id^. Since Rnv{T3) c i? is a maximal two sided 
ideal the morphism is injective. To prove surjectivity we compare the dimensions as Qt„-vector 
spaces. We compute 

dimp„M,(A„) = /i2.(f)2 = g\ 
diniQ„0jp Ws{R/RfJ'v{T'^)) = g-degfiv = g ■ [F^ : Qw] , and 

qf 

dimQ„(i?/i?/i,(r9)) = g^-[F,:Q^] = dimg^ Mfc(A„) • 

Altogether Mu{E 0p F^) = Mfm^ {A°^) and inv^, E = — inv^, = — • v{tt^) as claimed. 

It remains to convert this formula into the special form asserted for v \ eoo or v\oo. If v\oo 
and e ^ oo, let Cy be the ramification index of F^/Qoo- Then we get from Theorem 13.241 the 
formula q'^^^^^ = \7r\a0 = q~'"i'^^)l^^ ^ since the residue field of Qoo is F^. This implies as desired 



[F. : F,] 



Finally if it; / e, 00 is a place of Q, the local cj-shtuka Mw{T) at w is etale. So /i = mipo.,^\jr 
has coefficients in A^ with constant term in A^. Therefore v{'k.u) = for all places t; of -F 
dividing w. □ 

Example 3.29. Let C = Pp^, C \ {00} = SpecFq[t] and L = Fg. Let d be a positive integer. 



Let Ti := 0{d\^] ■ oo) © 0{d\'-^] • oo) for i G Z and let r := [i oj- Then T = {Fi,ni,Ti) is 

an abelian r-sheaf of rank 2, dimension d, and characteristic e = V{t) G over Fg. Hence the 
Frobenius endomorphism vr equals r. If d is odd then T_ is primitive (that means {d,r) = 1) 
and therefore simple by Proposition 11.541 In particular, vr is semisimple. We have 



= Xv = x-r = {x - yt'^){x + vt'^) 

which means that tt^ is not absolutely semisimple in characteristic 2. Moreover, we calculate 
fQv{Xv-,Xv) = 1 • 1 • 2 = 2 whereas in the field extension Qv{Vi) / Qv we have 

, . J 2 • 2 • 1 = 4 in characteristic 2, 

'^QuiVi)'^^^'^^) "\l-l-l + l- l- l = 2 in characteristic different from 2. 

Although the later has no further significance it illustrates the remark after Definition 13.31 By 
Theorem I3.26| 43l we have E = F = Q{tt) commutative and [E : Q] = 2 = r. Moreover, 
I loo = I V^loo = q'^^'^ and Xv is irreducible. But Xv is not separable in characteristic 2. 
If d = 2n is even then the minimal polynomial of vr is 

= Xv = X^ -f" = {X- t''/^)ix + f"/^) . 

So vr is semisimple if and only if char(Fq) ^ 2. In this case £ is quasi-isogenous to the abelian 
r-sheaf ^ with = Oc^ {in ■ oo)®^ and t[ = o i" ) • '^^^ quasi-isogeny / : — )■ £ is given 
by /o^r; ~ ( 1 *i ) • -^o») -^o.ry- The abelian r-sheaf equals the direct sum 

where J-'l'^^ = Oci^{in • oo) and t-''^ = {—lyt"^. Note that and are not isogenous over 
¥q, since the equation — • o'*{g) = g ■ t" has no solution (7 S Q for char(Fq) / 2. Therefore 

2 

Q®Q = 0QEnd(Z(^)) ^ E = F = g[x]/(x2-t2") ^ g©Q. 
3=1 
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Now we consider the same abelian r-sheaf over L = Fg2. This means vr = = G Q and 
therefore Xv = {x — f^)"^ . Thus vr is semisimple. By Theorem I3.26| /H1 we have F = Q{'k) = Q 
and E is central simple over Q with [E : Q] = 4 and inVaoE = inv^E = |. Moreover, 
1 71" loo = I loo = q'^- In this case, is absolutely semisimple. Note that if d is even and 
char(Fq) = 2 this is another example for Theorem 13.151 

If d is odd then ^ is still primitive, whence simple and is a division algebra. If d = 2n is 
even then the abelian r-sheaves and ^^^^ defined above are isomorphic 1 i— ?■ A 

where A G ¥g2 satisfies A^'^ = -1. Therefore JVhiQ) = M2 (QEnd(J:(^))) = E in accordance 
with the Hasse invariants just computed. 

Example 3.30. We compute another example which displays other phenomena. Let C = Pj. 
and let C \ {00} = SpecFjt]. Let J^i = Ocr^{\'^] ■ oo)®^ e O^Jfi] • oo)®2, let 77^ be the 
natural inclusion, and let Tj be given by the matrix 

/ a \ 

T ■= 0^10 
t -b 

\0 t / 

Then ^ is an abelian r-sheaf of rank 4 and dimension 2 with I = 2,k = 1 and characteristic 
e = y (t) G . One checks that the minimal polynomial of the matrix T is x'^ — b'^x'^ — at^ which 
is irreducible over Q if char(Fq) 7^ 2, since it has neither zeroes in Fq[t] nor quadratic factors in 
Q[x\. If char(Fq) = 2 then the minimal polynomial is a square and ^ is not semisimple. 

For L = Fg and 2 f g we obtain vr = r semisimple and E = F = Q{'k) = Q[x\/{x'^—b'^x'^—at^). 

For L = Fg2 we have vr = and the minimal polynomial of vr over Q is — b'^x — at"^, which 
is irreducible also in characteristic 2 since it has no zeroes in ¥q[t]. Hence vr is semisimple, F is 
a field with [F : Q] = 2 and : F] = 4 by Corollary 13. 6i This again illustrates Theorem I3.15[ 
We compute the decomposition of 00 and e in F. 

Decomposition of e: Modulo t the polynomial — b'^x — at^ has two zeroes x = 6^ and x = 
in Fg. So by Hensel's lemma F (^q Q,, = F^ (B F^i splits with F^ = F^i = Qir and w(vr) = and 
T;'(vr) = v'{at'^) = 2. Thus the Hasse invariants of E are inv^ E = inv„' E = 0. 

Decomposition of 00: Set y = vr/t. Then — ^2/ — a = 0. 

Case (a). If 2|gthen (y-a9/2)2 _ ^(y _ a^/S) _ ^^9/2 ^ q, that is, 00 ramifies in F, F0qQ^ = 
Fy, with - 09/2) = 1 and w{\) = 2 ■ oo(i) = 2. So [F^ : Qoo] = 2 and inv^ E = 0. 

Case (b). li 2 \ q and ^/a £ Fg then the polynomial y"^ — ~ two zeroes y = ity^ 

modulo J. So by Hensel's lemma F ®q Qoo — F^,® Fy^i splits with [F^ : Qoo] = [Fw' '■ Qoo] = 1- 
Thus the local Hasse invariants of E are inv^^, E = inv^/ F = ^ . As was remarked in 13.271 such 
a distribution of the Hasse invariants can occur only if d > 2. 

Case (c). If 2 I g and ^/a ^ Fg then y"^ — ^y — a is irreducible modulo j and c« is inert in F, 
F ®Q Qoo = Fw with [Fy, : Qoo] = 2. Thus the Hasse invariant of F is inv^ F = 0. 

In case (b) F is a division algebra and T_ is simple. In cases (a) and (c) F = M2{F) and T_ is 
quasi-isogenous to (^')®2 for an abelian r-sheaf of rank 2, dimension 1 and QEnd(^') = F. 
This surprising result is due to the fact that being of dimension 1, is associated with a 
Drinfeld module and thus of the form F[ = OcL{\^^ • 00) © ^Cz, ([^1 -oo) with r/ = *) and 
c, d G Fg2. Then vr' = [r'f = {^''''^l^f^ has minimal polynomial x^ - (c^+i + (d + d'i)t)x + 
(i'S+-'^t2 which must be equal to x^ — b'^x — at^. This is possible only if d + d'? = and d'^^^ = —a. 
So either G Fg and 2\q and we are in case (a), or d G Fq2 \ Fg, d'^ = —d, and a = d^. The 



with a, 6 G Fg \ {0} . 
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later implies 2 \ q and y/a = d ^ ¥q and we are in case (c). If we choose c = 6 in case (c) a 
quasi- isogeny / : ^ — s- (^')®^ over Fg2 is given for instance by 



/ d 


a 


-bd/t 


\ 








-d 


a 








d/t 


a/t 


V 1 


-d 





bd/t J 



3.5 Kernel Ideals for Pure Anderson Motives 

In this section we investigate which orders of E can arise as endomorphism rings End(M) for 
pure Anderson motives M. For this purpose we define for each right ideal of the endomorphism 
ring End(M) an isogeny with target M and discuss its properties. This generalizes Gekeler's 
results for Drinfeld modules \Gek\ §3] and translates the theory of Waterhouse \Wat\ §3] for 
abelian varieties to the function field case. These two sources are themselves the translation, 
respectively the higher dimensional generalization of Deuring's work on elliptic curves [Deu]. 

Let M be a pure Anderson motive over L and abbreviate R := End(M). Let / C -R be a 
right ideal which is an A-lattice in E := R®aQ- This is equivalent to saying that / contains an 
isogeny, since every lattice contains some isogeny a ■ idM for a € A and conversely the existence 
of an isogeny f £ I implies that the lattice / • • i? is contained in /. 

Definition 3.31. L Let be the pure Anderson sub-motive of M whose underlying A^- 
module is Ylgei i^lff)- This is indeed a pure Anderson motive, since if I = fiR+. . . + fnR 
are arbitrary generators, then equals the image of the morphism 

(/i,...,/n) :Me...eM M. 

As I contains an isogeny, has the same rank as M and the natural inclusion is an 
isogeny which we denote // : — )• M. 
2. If I = {f e R: im(/) C } then I is called a kernel ideal for M. 

The later terminology is borrowed from Waterhouse |Watl §3]. Since { f € R : im(/) C } 
is the right ideal annihilating coker // one should maybe use the name "cokernel ideal" instead. 

Proposition 3.32. Let I <Z R be a right ideal which is a lattice, and consider the right ideal 
J := {f ^ R : im(/) C } C R containing I. Then = . In particular, J is a kernel 
ideal for M. We call J the kernel ideal for M associated with /. 

Proof. Obviously J is a right ideal and M*^ C by definition of J. Conversely C M*^ 
since I C J. □ 

Lemma 3.33. L For any g & I, ff^ o g : M ^ is a morphism and g = fi o {fj^ o g). 
2. If I = gR is principal, g an isogeny, then fj^ og:M^ is an isomorphism and I is 
a kernel ideal. 

Proof. 1 is obvious since the image of g lies inside . 

2. Clearly fj"^ o g is injective since g is an isogeny and surjective by construction, hence an 
isomorphism. To show that I is a kernel ideal let / G i? satisfy im(/) C . Consider the 
diagram 
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and let h := {f^ ^ o g) ^ o (f^ ^ o /)• Then f = gh £ I as desired. □ 

Example. If a G A and / = aR, then = aM and coker// = M/aM. More generally if 
C vl is an ideal and I = aR then = aM and coker // = M/aM. 

Proposition 3.34. Let I C R and J C End(M^) be right ideals which are lattices in E. Then 
also the product K := fi ■ J ■ fj^ ■ I is a right ideal of R and a lattice in E and fj^^ofiofj is 
an isomorphism of {M^Y with M^ 

{M^y M^ M M^ . 

Proof. If f G I and g ^ J then the morphism ff^of:M^ M^ can be composed with fjog 
to yield an element of R. Since / and J contain isogenics, K is a right ideal and contains 
an isogeny. Clearly the images of // o fj and fx in M coincide since they equal the sum 
Y^i j fl ° 9j ° ff ° fi{M) for sets of generators {/»} of / and {gj} of J. □ 

Theorem 3.35. Let I,Jc End(M) =: R be right ideals which are lattices in E := R ®a Q 
and consider the following assertions: 

1. I and J are isomorphic R-modules, 

2. the pure Anderson motives M^ and M'^ are isomorphic. 

Then 1 implies 2 and if moreover I and J are kernel ideals, also 2 implies 1. 

Proof. 1 =^ 2. Since / and J are lattices, the i2-isomorphism I ^ J extends to an E- 
isomorphism of E and is thus given by left multiplication with a unit g G E^ , that is, J = gl. 
There is an a G ^ such that ag d I <Z R. Then \m.{ag) C M^, that is, fj"^ o ag : M ^ M^ is an 
isogeny. 

Let K be the right ideal //• (/7^oac/o//.End(M0) -fj^-l of R. We claim that M^ ^ M^'^s)^. 
Namely, M^^^)^ C M^ since agl C K. Conversely if f e I, h £ End(M-^), and m G M, then 
we find m' := fjoho fj"^ o f{m) G M^ , that is, m' = ^ - fi{mi) for suitable fi^I and nii G M. 
It follows that ag{m') = agfi^nii) G M^^f)^ and therefore M^^a)! = , 

Applying Lemma 13.331 and Proposition 13.341 now yields an isomorphisms M^ = M^ = 
M(«9)^. Likewise we obtain M'^ = M°"^ and the equality a J = agl then implies M"' = M^ as 
desired. 

2 =^ 1. Let I and J be kernel ideals and let u : M^ — )• M"^ be an isomorphism. There is an 
ae A with aM C M^. Therefore g := fjouo {ff^ o a) : M ^ M IS an isogeny. 

We claim that gl = aJ, that is, left multiplication by a~^g is an isomorphism of / with 
J. Let f £ I, then h := fj o u o [fj^ o /) G i? has im(/i) C M'^ . So h £ J since J is a 
kernel ideal, and gf = ah € aJ, since a commutes with all morphisms. Conversely let h £ J, 
then f '.= fi o o {fj^ o h) € R has im(/) C M^ . So / G / since / is a kernel ideal, and 
ah = gf £ gl as desired. □ 

Proposition 3.36. Let I C R be a right ideal which is a lattice in E. Then fi ■ End(M-^) • /f^ 
contains the left order = {f£E: ficl} of I and equals it if I is a kernel ideal. 

Remark. Recall that Find(M^)(S>AQ is identified with E by mapping h G End(M^) to //o/io//^. 

Proof. Let f e O and gel. Then fg e I and /f^ o f o fj o {f-^ o g) = fj^ o fg is 
a morphism from M to M^ . If g varies, the images of fj^ o g exhaust all of M^. Hence 
fj^ 0/0/7- is indeed an endomorphism of M^ . Conversely let I be a kernel ideal and let 
f = fioho ff^ e fi ■ End(M^) • ff\ Ifgel then f o g = fj o h o {ff^ o g) g R has 
im(/ o g) c M^ . So fg £ I as desired. □ 
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We will now draw conclusions about the endomorphism ring R similar to Waterhouse' results 
[Wat I on abelian varieties by simply translating his arguments. 

Theorem 3.37. Every maximal order in E occurs as the endomorphism ring /•End(M')-/~^ C 

E of a pure Anderson motive M' isogenous to M via an isogeny f : M' — t- M . 

Proof. Let S* be a maximal order of E. Then the lattice R contains aS for some a € A. Consider 
the right ideal / = aS ■ R whose left order contains S. By Proposition 13.361 // • End(M-^) • ff^ 
contains the left order of I. Since S is maximal we find 5 = // • End(MO • □ 

Theorem 3.38. IfE is semisimple and End(M) is a maximal order in E, so is //•End(M^)-/^^ 
for any right ideal I C R. 

Proof. By [Reij Theorem 21.2] the left order of / is also maximal and then Proposition 13.361 
yields the result. □ 

From now on we assume that L is a finite field and we set e := [L : ¥q]. Let tt be the 
Frobenius endomorphism of M. 

Proposition 3.39. The order R in E contains vr and deg(7r)/7r. 

Proof. Clearly the isogeny vr belongs to R. Let now a G deg(7r). Then a annihilates cokervr by 
11.371 and so there is an isogeny f ■ M ^ M. with vr o / = a. The image a/ir of f in E belongs 



Proposition 3.40. If M is a semisimple pure Anderson motive over a finite field and End(M) 
is a maximal order in E = End(M) (^aQ, then every right ideal I C End(M), which is a lattice, 
is a kernel ideal for M, and deg(//) = N[I) := {N{f) : f € l) . 

Proof (cf. [Watl Theorem 3.15]) Let / G /, then f = fi o fj^f and N{f) E deg(/) C deg(//) 
by Lemma [1.36[ Therefore N{I) C deg(/7). Let R' be the left order of /. It is maximal by [ReH 
Theorem 21.2]. For a suitable a ^ A the set J' := {x & E : xl d aR } is a right ideal in i?' and a 
lattice in E and satisfies J' -I = aR by [HiH Theorem 22.7]. Let J := fJ^J'fi C End(M'^) be the 
induced right ideal of End(M^) = fJ^R' ff, see 13.361 Then coker // o fj = coker/j// = cokera 



By the above we must have N{I) = deg(//) since yl is a Dedekind domain. If I were not a 
kernel ideal its associated kernel ideal would be a larger ideal with the same norm. But this is 



Like for abelian varieties there is a strong relation between the ideal theory of orders of 
E and the investigation of isomorphy classes of pure Anderson motives isogenous to M. We 
content ourselves with the following result which is analogous to Waterhouse fWatl Theorem 
6.1]. The interested reader will find many other results without much difficulty. 

Theorem 3.41. Let M be a simple pure Anderson motive of rank r and dimension d over the 
smallest possible field ¥q. Then 

1. End(M) is commutative and E := End(M) (g)^ Q = Q{tt). 

2. All orders R in Q{'7t) containing vr are endomorphism rings of pure Anderson motives 
isogenous to M. Any such order automatically contains N{'k)/ti = NQ(^^yQ{Tr)/Tr. 



to R. 



□ 




N{a) ■ A = N{J') ■ N{I) C (deg /j)(deg //) = deg(a) = N{a) -A. 




□ 
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3. For each such R the isomorphism classes of pure Anderson motives isogenous to M with 
endomorphism ring R correspond bijectively to the isomorphism classes of A-lattices in E 
with order R. 

Proof. 1 follows from ETU and EM 

2. Let R be an order in Q{ti) containing vr and lei v ^ e he a. maximal ideal of A. Since 
[E : Q] = r and E^ is semisimple, there is by Lemma 13.181 an isomorphism E^ V^M of 
(left) £',;-modules given by / i— )• f{x) for a suitable x e KM- It identifies Rv := R (^a A^ 
with a TT-stable lattice A„ = i?^ • x in V^M, which without loss of generality is contained in 
TyM. By Proposition 12.221 there is an isogeny / : M' — )■ M of pure Anderson motives with 
Tyf{TyM') = A,a. By Theorem EH] we conclude 

End(M') (g)A A., = End^4^](A^) = R^ . 

For V = £ note that Qe,L = Qe since L = Fg. In particular = F^. Since dimg^ Ns{M) = r = 
[E : Q], Theorem 12.71 together with Lemma 13.181 show that Ef, is isomorphic to Ns (M) &s left 
ii's-modules. Since R contains vr, the image of Rs := R<^a A^ in Np(M) is a local fi-subshtuka 
M ' of MpjM) of the same rank. (If it is not contained in MpjM), multiply it with a suitable 
a G A.) Then Proposition 12.91 yields an isogeny of pure Anderson motives / : M' — )• M such 
that M^{f){M^{M')) =M' and 

End(M') ®A A, = End^^[^](M') = R, 

by Theorem 12. 7i Since each of these operations only modifies End(M) at the respective place 
V, this shows that we may modify M at all places to obtain a pure Anderson motive M' with 
End(M') = R. Now the last statement follows from Proposition 13.391 and Theorem 13.191 

3. Let R be such an order. By what we proved in 2 there is a pure Anderson motive M for which 
all T^M = Ry and Ms{M) = R^^ Let I C R he a (right) ideal which is an^A-lattice in E and 
consider the isogeny // : — )• M. Under the above isomorphisms Tyfi(TyM^) = I(^AAy =: ly 
and MsfiiMeM^) ^ I^aA^ =: h- Conversely if / : M' M is an isogeny then Myf{MyM') 
is a (left) i?^-module because R = End(M), hence isomorphic to an i2^-ideal ly. This shows 
that any isogeny / : M' — )• M is of the form // : — )• M. 

If now f ^ R satisfies im(/) C then f ^ Is and f £ ly for all v and therefore f £ I. 
This shows that every I is a kernel ideal for M. By Proposition 13.361 End(M-^) is the (left) 
order of /. Since every lattice with order i? in £^ is isomorphic to an ideal of i?, we have 

{ A-lattices in E with order R}/r^ 

M with End(M^) = R}/^ 

□ 
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